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Abstract
These days, there is a growing interest in the study of a new type of composite 
material possessing both negative dielectric permittivity and negative magnetic per-
meability. In such a material, electromagnetic waves are backward or left-handed. 
That is why these unusual composites are called left-handed materials. The uncon-
ventional properties of the electromagnetic waves result in a number of extraordinary 
phenomena such as negative refraction and perfect lensing, predicted theoretically 
and recently observed experimentally for microwaves. Similar effects are observed 
in photonic crystals. The study of such metamaterials would allow the creation of 
perfect lenses with improved resolution and many other useful devices for microwave 
and optical applications.
This rapidly developing field of physics appeared essentially four years ago, and 
there are no full-scale overviews available at the moment. As a result, we have 
devoted our first chapter to an overview of the history of left-handed materials. We 
describe the most interesting phenomena, a number of which were already observed 
experimentally, and some that are predicted for left-handed materials. We follow 
the historical steps which allowed for the creation of such unusual materials. More-
over, we go deeper into the history and find a number of theoretical works, which 
considered backward-wave media at the beginning of the 19th century. At that 
time, the results represented just a theoretical curiosity. Now they attract much 
more attention because of the experimental realization of left-handed materials and 
the attractive possible applications.
In Chapter II we introduce the simplified model for the description of the com-
posite structure based on the effective medium approximation. Though this ap-
proximation does not give very accurate results, it allows for the treatment of very 
complex composite structures as homogeneous media with some effective macro-
scopic parameters. The results of this approximation give an opportunity for the 
analytical studies of composite structures, both linear and nonlinear, which then 
can be verified numerically.
Chapter III presents a study of guided modes in planar structures with left- 
handed materials. It appears that the guiding properties of backward-wave media 
differ dramatically from those of the conventional dielectrics. Even the surface 
wave can support localized modes with the vortex structure of the energy flow. 
Moreover, the mode hierarchy is completely different in left-handed waveguides. 
Most importantly, depending on the parameters of the waveguide, the modes can
vi
be completely absent in a planar structure, in a sharp contrast to a conventional 
dielectric waveguide, which always supports a fundamental mode.
Excitation of the surface and slab modes in structures with left-handed materials 
is studied in Chapter. IV. In multi-layered structures, excitation of the modes 
can produce the so-called giant Goos-Hänchen effect, the lateral reflected beam 
shift from the position predicted by geometric optics. Since this shift represents 
a quantity which can be measured experimentally, the effect can be potentially 
important for the determination of the metamaterial parameters.
Finally, in Chapter V, we describe the transmission properties of combined left- 
and right-handed periodic structures. As well as a conventional dielectric struc-
ture, a Bragg grating made of the alternating left-handed and the usual dielectric 
material, possesses a band-gap structure, which is the analogue of the energy band- 
gaps of electrons in crystals. A number of unique phenomena, such as the band 
gap associated with the zero average refractive index, which are impossible without 
backward-wave media, will be discussed in this Chapter.
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CHAPTER 1
Left-Handed metamaterials: Introduction 
to the subject
The field of left-handed metamaterials is a new area of research, and there exist 
no extensive review papers on the subject. Therefore, in this chapter we present a 
brief but comprehensive review of this exciting field, starting from the early history 
and making a link to the most recent studies of metamaterials as well as negative 
refraction in photonic crystals.
1.1 Veselago’s predictions and the early history of left-handed 
materials
The modern history of so-called left-handed (LH) media or left-handed materials 
(LHMs) starts from the theoretical predictions of V. Veselago in the late 1960- 
s [1, 2], who considered a hypothetical material with quite unnatural electromagnetic 
properties, the material with simultaneously both negative dielectric permittivity 
e and negative magnetic permeability fi. We follow along the lines of the early 
paper [1], and the first question we ask ourselves, is how are the electromagnetic 
waves going to propagate in such a medium? We look to Maxwell’s equations for 
plane monochromatic waves [~ exp {iujt — zkr)],
k x  E =  i—uH,
c
k x H  =  —i-e E ,  (1.1)
c
and note that, when e < 0 and n < 0, the three vectors E, H, k form a left set of 
vectors [see Fig. 1.1(a)]. This is the reason why those materials are called “left- 
handed” . In contrast, the usual materials with positive e and /i are called “right- 
handed” (RH) [see Fig. 1.1(b)]. Such a terminology is rather confusing, since it 
also appears in the theory of chiral media, an entirely different field of physics. 
However, we will use it here, since there is no commonly accepted term for such 
materials, and in the present work we do not intend to study any chiral media. Other 
terminology used by different authors, which underlines some of the properties of 
LHMs include: double negative media (DNG), materials with negative refraction
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Figure 1.1: Electric field E. magnetic field H. wavevector k, and Poynting 
vector S in (a) isotropic dielectric, (b) isotropic LHM.
(MNR), and backward-wave media, or metamaterials. The later term has broader 
sense than that of a left-handed medium [3], and it emphasizes that these materials 
are designed to exhibit properties beyond those of natural materials.
We note that the direction of energy flow, which is given by the Poynting vector
S = — E x H. (1.2)
47r
does not depend on the parameters (e, //) of the medium, i.e., it always forms a 
right set of vectors with the electric and magnetic fields [see Fig. 1.1]. As a result, 
the waves in RHM are forward traveling or simply forward, waves, since their energy 
propagates in the same direction as the phase front. In LHM, the waves are backward 
traveling or backward waves, and the energy flows in the direction opposite to the 
wavevector. Thus, the structure of the waves emitted by the source inside the LHM 
has quite an unusual form, the energy propagates away from the source, while the 
phase front travels towards it [4].
The dispersion relation for the plane waves can be written in the form
k2 = ^ e / i .  (1.3)cz
One immediately can see that, from the viewpoint of the dispersion relation, the 
waves can propagate in any medium for which the product efi is positive, see the 
diagram in Fig. 1.2. As was mentioned in Ref. [5], materials with one negative 
parameter are rather easy to find. Materials with negative e include metals below 
some (plasma) frequency or plasmas. These substances belong to the second quad-
rant of Fig. 1.2, and the electromagnetic waves cannot propagate through them 
(e.g., metals are opaque for optical frequencies). Materials with negative magnetic 
permeability include resonant ferromagnets and antiferromagnets. These materials 
belong to the fourth quadrant in Fig. 1.2.
The fact that the negative parameters appear near a resonance has very inter-
esting consequences. Such materials should possess strong frequency dispersion, 
and, as a result, a relatively narrow frequency band with negative parameters. This
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Figure 1.2: (e, p) plane. Traveling plane waves exist at the same signs of the 
parameters (I and III quadrants) and non-propagating waves at the different 
signs of e and p (II and IV quadrants).
explains why there are no natural materials with simultaneously negative dielectric 
permittivity and magnetic permeability found so far.
Only recently [6-9], it was realized that negative dielectric permittivity and 
negative magnetic permeability can be obtained artificially in metallic resonator- 
based composite structures. Mixing different composites, it became possible to 
fabricate, for the first time in history, materials with left-handed properties in the 
microwave frequency domain [4, 10-12],
The present chapter is aimed to comprehensively overview the study of left- 
handed materials and related problems. The chapter is organized as follows. Section 
1.2 describes the general properties of electromagnetic waves in the LHM, including 
the effect of negative refraction and perfect lenses. An up-to-date overview of both 
experimental and numerical results is given in Sec. 1.3 and Sec. 1.4, respectively. 
In Sec. 1.5, we discuss negative refraction and superprism phenomena observed in 
photonic crystals and new theoretical concepts which allow us to introduce macro-
scopic parameters for describing electromagnetic waves propagating in a periodic 
structure.
1.2 General electrodynamic properties
As was mentioned above, the electromagnetic waves in left-handed materials 
are backward. As a result, a number of phenomena in LH media can be reversed 
compared to the case of RH media. For example, the reversed Doppler effect was 
predicted by Veselago [2]. In brief, a receiver moving in a LH medium with a 
velocity V  towards the source of the electromagnetic radiation with the frequency 
u a, perceives a lower frequency than that of the source: u T = u s (1 — V/U),  where 
U is the velocity of the energy flow in the medium.
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Figure 1.3: Diagram of the Vavilov-Cherenkov effect in (a) RHM, (b) LHM.
The Vavilov-Cherenkov effect is also reversed [2]. The cone of radiation of a 
particle moving along a straight line in the medium with the velocity V, which 
exceeds the phase velocity of the light, is directed backward with respect to the 
motion of the particle [see Fig. 1.3(a)]. This is opposite to the case in RHM [see 
Fig. 1.3(b)]. In both cases, the angle of the cone of radiation 6 is determined by the 
expression cos0 =  ± y j  c2/ V 2n2, where (+) corresponds to propagation in a RHM, 
( —) to the case of LHM, and n is the corresponding index of refraction.
The light pressure in LHM is replaced by the negative pressure. If the body is 
illuminated by electromagnetic waves it will be attracted to the source of radiation. 
Indeed, the light momentum p can be written in the following form:
p = N h k , (1.4)
where h is the Plank constant, N  is the number of photons, which have reached the 
body. From the conservation of momentum, one can find that the light reflected or 
absorbed by the body, attracts this body toward the source.
1.2.1 Dispersion and losses
The fundamental property of LHM is the frequency dispersion [2]. Indeed, if we 
suppose, that the LHM is not dispersive and write down the electromagnetic energy 
density W  in the form
W  = eE2 +  p H 2, (1.5)
then the energy density is negative when both, e and p are negative. In a medium 
with dispersion, the energy density should be written in the form
W  =
d(oo)
duo
E 2 +
d(pco)
duo
( 1.6)
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and it is positive, provided that
d(eu>)
dev
d(pu)
du
de
=  e 4- u  —  
du
dp
= ß + ÜJd ^
> o ,
> 0. (1.7)
A more general form of the energy density in the medium with strong dissipation 
can be found in Ref. [13].
Thus, the LHM is always dispersive. The frequency dispersion is accompanied by 
dissipation, as follows from the causality principle, which gives the Kramers-Kronig 
relations. The Kramers-Kronig relations represent an integral relation between the 
real and the imaginary parts of dielectric permittivity, e =  e' +  ie",
eV ) - l  = T p /_ o/e'V) du'
w  -  U '
=  f°° 2* W . (1.8)
The real and imaginary parts of the magnetic permeability p =  p! + ip!' are coupled 
by similar relations. The complex permittivity and permeability give us the complex 
index of refraction n =  y/ep = n' 4- in", which means that the electromagnetic wave 
decays exponentially as it propagates. It is necessary to distinguish this exponential 
decay of the wave caused by the energy dissipation from the case of evanescent (non-
propagating) waves in the medium, which decay exponentially even in a lossless 
material, where no dissipation takes place.
1.2.2 Negative refraction
Now we consider the properties of the wave refraction at an interface between two 
different media. Even in the case of both materials being RHM, the plane boundary 
produces a number of important effects, such as the total internal reflection, the 
Brewster effect, and others [14]. But for the RH/LH interface, we obtain completely 
unexpected results. Refraction of the light at such an interface is negative, and it 
can be demonstrated for a plane electromagnetic wave of frequency u  incident from 
the RHM onto the LHM (see Fig. 1.4). Applying the boundary conditions for the 
electric and magnetic fields and for the longitudinal components of the wavevector, 
one obtains negative refraction, which is determined by Snell’s law:
=  rp L =  _  f l 2^2 ^
sin ^  7ii Y
where n i)2 are indices of refraction of each medium. From this result we conclude 
that we have to choose the negative sign of the square root from the product of e and 
p to get the correct value of the index of refraction of a LH medium: n 2 =  —y/e^p^ 
so that we can use the conventional form of Snell’s law. We note here that the use of 
the negative index of refraction in other equations, obtained for normal dielectrics,
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Figure 1.4: Negative refraction at the interface between RH and LH media.
can give an incorrect results [15], and it is much more convenient for the case of 
LHM to use dielectric permittivity and magnetic permeability, but not introducing 
the refractive index, since e and fj, are the only medium parameters which appear 
in Maxwell's equations.
Negative refraction at the LH/RH interface results from the fact that the waves in 
a metamaterial are backward. Negative refraction and related phenomena were pre-
dicted by different scientists at the beginning of the 19-th century. H. Lamb appears 
to be the first person who suggested that backward waves could exist [16], though his 
examples involved mechanical systems, not electromagnetic waves. Later, Schusher 
discussed the effect of negative refraction of optical waves [17]. Pocklington has 
studied the structure of the waves emitted by a source immersed into backward 
medium [18]. This was rediscovered and discussed once again 50 years later in 
Refs. [19, 20]. After the Veselago predictions [2], the idea of using a flat slab of 
backward media was studied by Silin [21].
Recently, the negative refraction of the group velocity at a LH/RH interface was 
disputed [22], where the authors arguments entangled the concepts of the velocity 
of the interference pattern and the group velocity [23]. More recent numerical 
calculations of the scattering of a signal with a finite spatial spectrum at the LH/RH 
interface have demonstrated that refraction of electromagnetic beams [24] is indeed 
negative.
Negative refraction makes lenses work in a “reversed" manner. A convex 
lens made from a LHM becomes divergent and the concave one convergent [see 
Figs.l.5(a,b)]. Such reversed properties of curved lenses have already been observed 
experimentally for microwaves [25]. Even a slab of material with a negative index of 
refraction whose absolute value is equal to the one of the surrounding medium, can 
focus electromagnetic waves from a point source back into a point [see Fig. 1.5(c)]. 
Obviously, such a slab does not focus plane waves to a point and it cannot be named
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Figure 1.5: Lenses made from the LHM. (a) A convex lens is divergent, (b) 
A concave lens is convergent, (c) Slab of LHM focuses the light from a point 
source.
a “lens” in the conventional sense of this word. Apart from these unusual refraction 
properties, the specific surface waves on the front and back interfaces of such a slab 
make possible the creation of an imaging system, without usual diffraction limit, 
as predicted by Pendry [26, 27]. The work of Pendry was criticized in a number of 
papers and comments [28-32]. Indeed, the ideal resolution of the LH lens, predicted 
by Pendry seems to be a result of the ideal model used in his derivations. The losses 
in LHM will introduce a new resolution limit [33, 34]. Moreover, in Ref. [34] it was 
shown that sub-wavelength imaging can only be possible if the source of electromag-
netic waves is located very close to the LHM slab. The properties of left-handed 
lenses were also studied in a number of analytical and numerical works [35-42]. 
Later, it was suggested that the metamaterial can be used for the manufacture of a 
magnifying lens [43]. This concept was generalized to a spherical geometry [44], an 
asymmetric geometry, when the slab of LHM is surrounded by different dielectrics 
from either side [45], for birefringent left-handed materials [46], and for nonlinear 
metamaterials [47]. It was also suggested that stacking together lossy left-handed 
materials and active media periodically, could allow for sub-wavelength image trans-
fer over substantial distances [48].
The temporal behavior of electromagnetic pulses at the RH/LH interface was 
studied numerically in Ref. [49], where it was shown that after a pulse reaches the 
interface, it takes a relatively long time to form a backward wave. It seems that 
the wave undergoes an essential “reorganization”, while it is being trapped at the 
interface.
1.2.3 Perfect lenses
It was predicted by Veselago [2] that a slab of LHM can focus electromagnetic 
waves from a point source into a point image. After a more detailed study of this 
problem, Pendry [26] found out that the plane slab possesses another surprising 
property: it can focus the evanescent waves along with the propagating waves.
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The evanescent waves contain information about the sub-wavelength features of the 
source. Normal optical lenses cannot refocus evanescent waves, and this determines 
the conventional resolution limit.
We consider a point source of electromagnetic radiation, located in front of 
the left-handed slab [see Fig. 1.5(c)] with negative permittivity e2 and negative 
permeability /i2 satisfying the condition
e 2 ^ 2  —  D A L ? ( 1. 10)
where €\ and yi  are the permittivity and permeability of the surrounding medium. 
We suppose that c\ = = 1 without loss of generality. The electric field of a source
can be represented as a 3D Fourier expansion:
E { f , t ) =  / E(kx, hy, kz) x expi(kxx + kyy +  kzz — ut)  dr, (1.11)
where z is the axis of a system and (x, y ) is the image plane. The spectrum of kz 
consists of both the real wavenumbers, corresponding to the traveling waves, and 
the imaginary ones, corresponding to the evanescent waves. The usual convex lens 
focuses the traveling waves only. Therefore, a principal limitation in the lens resolu-
tion exists. Indeed, the propagating waves are limited to the region of wavenumbers 
satisfying
kl  -I- kt
ÜJ2
K c2 ’
( 1. 12)
and the maximum resolution, A, in the image cannot be greater than the wave-
length:
A sa
2n
jm ax
(1.13)
The same result can be obtained from the uncertainty principle (see Pendry’s reply 
to one of the comments [29]). It was shown that evanescent waves can be amplified 
by the lossless LHM slab and one can get an exact (or perfect) image of the source. 
As it was mentioned above, this lens is not a lens in the common sense, since it does 
not focus a plane wave to a point and it can not scale the image, but, it probably can 
be used to transfer a perfect image from one point to another. Also, because of the 
dispersion properties of LHM, condition (1.10) can be fulfilled only for a particular 
frequency, and the slab cannot focus non-monochromatic waves, e.g. pulses.
Later, it was claimed that the absorption of the material can dramatically change 
the behavior of evanescent waves in the structure [22] and will prevent ideal focusing. 
But more detailed analysis [33, 50] has shown that losses of the electromagnetic 
energy in the material can lead to a new limitation of the perfect lens resolution 
which can be practically overcome by using alternating layers of a lossy left-handed 
material and an active right-handed material [48].
Rigorous analytic calculations [51] have shown the possibility of focusing of the 
evanescent waves, but the perfect lens concept was doubted in [51] because of the 
non-existence of a finite range of the frequencies satisfying the condition (1.10).
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1.2.4 Surface waves
It is well known that in linear materials the surface waves exist at the interface 
between two different media. The dispersion relation for the TM polarized surface 
waves can be written in the following form:
V Z E U t i  + k l =  o, (1.14)
Cl 62
where 7 is a normalized longitudinal wavenumber, 6^2, Mi,2 are the parameters of 
two adjacent media. For the TE-polarized waves, the dispersion relation is
v T E ä E  +  =  o. (1.15)
Mi M2
Note, that the relations (1.14), (1.15) have a solution in the case of different signs 
of the dielectric permittivity or magnetic permeability, respectively. Since materials 
with negative permeability were unknown until recently, only TM surface waves 
could be observed. The LHM possesses both negative e and p and both types of the 
surface waves can be observed on the boundary between LHM and RHM. Studies 
of the surface waves at the RH/LH interface were presented in [51-54].
The numerical simulations for the attenuated total internal reflection measure-
ments, which are used in typical experimental studies of surface modes, were per-
formed in Ref. [55]. Such experiments would allow an alternative determination of 
the effective parameters of the metamaterials. Also, the surface modes of the slab 
and of the sphere of LHM were studied analytically in Refs. [53, 56] and in Ref. [57], 
respectively.
1.3 Experimental realization of left-handed media
As has been already mentioned above, there exist no natural materials with both 
negative permittivity and negative permeability. However, it was shown recently 
that composite materials consisting of artificial resonant particles, can possess neg-
ative effective dielectric permittivity and negative effective magnetic permeability. 
From the viewpoint of material structure, every material is composite, consisting of 
microscopic particles -  atoms and molecules. Dielectric permittivity and magnetic 
permeability are convenient parameters, which allow the description of macroscopic 
electrodynamic effects. These parameters have the meaning only when the prop-
agating wavelength is much larger than the size of the particles making up the 
material. Using this analogy it is possible to introduce effective parameters of an 
inhomogeneous medium and utilize them for describing the electromagnetic waves 
with wavelengths much larger than the size of the inhomogeneity.
In what follows, we describe a sequence of events that resulted in the first ex-
perimental realization of left-handed metamaterials.
First, a periodic array of thin conducting wires was considered in Refs. [7, 8]. It 
was shown that a composite structure, consisting of infinitely long wires arranged in
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Figure 1.6: Wire-array structure
a cubic lattice (see Fig. 1.6), possesses a plasma-like effective dielectric permittivity
6ef f
u { u  +  * 7 e ) ’
(1.16)
where is the effective plasma frequency, and 7 is the damping coefficient, anal-
ogous to the plasma collision frequency. The plasma frequency and the damping 
coefficient are determined from the parameters of the wire array structure [7, 8]:
27TC2
p d2 In d/r  
d2u 2p
7 e  =  -----Ö“
7T
(1.17)
Here, d is the period of the wire array, r is the radius of the wires, and cr is the 
conductivity of the wire material. It is well known that metals are described by 
the dielectric function of the same form. The essential difference in these two cases 
is in the losses at microwave frequencies. The plasma frequency for aluminum is 
in the ultraviolet frequency range and the material has high losses for microwaves. 
Composing the thin wires into a periodic structure, it is possible to shift the plasma 
frequency to lower frequencies, therefore making relatively low losses and negative 
effective dielectric permittivity for microwaves.
The magnetic properties of natural materials are even more scanty, than the 
electric ones. In order to obtain the desirable magnetic properties of a metamate-
rial, new composite structures were suggested in Refs. [6, 58]. It was shown that 
periodic structures consisting of arrays of metallic nonmagnetic split-ring resonators 
(SRRs) [see Fig. 1.7(a)] or "Swiss Rolls” [Fig. 1.7(b)] possess an effective magnetic
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Figure 1.7: (a) Split-ring resonators and (b) “Swiss Rolls” [6].
permeability with the resonant form
Meff 1
Fu 2
UJ2 -  +  i'lmUJ
(1.18)
where F, 7m,cJo all depend on the parameters of the array, e.g. for the SRR array
7rR2
F = 7m =  dc / 2t tR ct, 
2 3dc2
7T2R 3\n(ujrw/h ) '
(1.19)
where d is the period of the structure, R  is the radius of the SRR ring, rw is radius of 
the wires, h is the distance between rings in SRR, a is conductivity of the wire metal, 
and c is the speed of light. The frequency dependence of the real and imaginary 
parts of the magnetic permeability are shown in Fig. 1.8. One can see that /ieff 
becomes negative on the high frequency side of the resonance. This simplified model 
was extended in Ref. [59], where the interaction between the individual resonators 
inside the array is taken into account.
A SRR with a high degree of isotropy was suggested in Ref. [60]. The authors 
have shown that a three-dimensional resonator formed by two perpendicular SRRs, 
possesses the same response to waves propagating in any direction in a particular 
plane.
1.3.1 Experimental verification of negative refraction
To obtain a substance with simultaneously both negative dielectric permittivity 
and negative magnetic permeability it was proposed to combine a thin wire array 
with a SRR array. Assuming that they do not change the properties of each other, 
the final structure will possess the electric properties of the wire array and magnetic 
properties of the SRR array. The first structures and experimental results have been
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Figure 1.8: Real and imaginary parts of the effective magnetic permeability 
of the SRR array vs. frequency (Pendry at al, [6]).
Figure 1.9: One of the first LHM prepared in the University of California in 
San Diego by D.R. Smith and collaborators [62].
demonstrated by D. R. Smith and collaborators [61]; one of their first structures 
to exhibit left-handed properties for microwaves is shown in Fig. 1.9. Further ex-
perimental efforts attempting to create left-handed metamaterials were reported in 
Refs. [10, 60, 62-74].
The frequency range over which negative refraction can be obtained using these 
structures is rather narrow, and it can probably be expanded using active particles 
in the composite structure, as was suggested theoretically in Ref. [75].
Another approach to the realization of a LHM was theoretically introduced by
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Frequency (GHz)
Figure 1.10: Transmitted power vs frequency, solid -  SRR array only, dashed 
-  combined wire and SRR array structures [61].
Shvets [50], who suggested a periodic composite structure consisting of two materi-
als with negative and positive dielectric permittivities, which can reveal backward 
waves propagation as a result of surface waves existing at the interfaces inside the 
composite.
Transmission experiments using LHMs were performed in the one-dimensional 
case [12, 61, 63] and, later, with two-dimensional samples [62]. It was shown that 
the band gap in a SRR array material, which is caused by the magnetic resonance 
of the system, and by negative values of magnetic permeability, disappears after 
combining a SRR with a thin wire array (see Fig. 1.10). Transmission experiments 
with two-dimensional structures have shown the high degree of isotropy (in the 
corresponding two dimensions) of such a structure [62]. A direct measurement 
of the index of refraction was performed using a prism shaped piece of the two 
dimensional composite material [10]. A direct measurement of the angle of refraction 
of the microwave beam at the sample has shown negative refraction with index of 
refraction n = —2.7 obtained at a frequency 10.5 GHz. There were some early 
doubts [76] concerning the interpretation of the experimental results obtained in 
[10], where it was shown that an apparent negative refraction can appear due to 
high losses in the metallic composite. However, further experimental and numerical 
studies confirmed that the metamaterial can indeed exhibit left-handed properties 
(see, e.g., Refs. [64, 69, 77]).
More recently, the explanations of the experimental results [10] were again dis-
puted in [78], where it was demonstrated that a wire array structure embedded into 
the homogeneous host medium with negative magnetic permeability, does not sup-
port propagating waves. The authors claimed tha t the negative refraction should be 
explained using a microscopic theory rather than the effective medium approxima-
14 L eft-H an ded  m etam ateria ls: In tro d u c tio n  to  th e  su b je c t
tion and the Veselago scenario. In the following comment [79] and the corresponding 
reply it became clear that manufactured metamaterials cannot be treated as a wire 
array embedded into the homogeneous magnetic medium, and more detailed theo-
retical studies are required to understand the experimental results.
1.4 Numerical studies
Numerical simulations of the composite microstructures were performed by a 
number of authors [11, 49, 77, 80-89]. Normally, as a result of experiment or nu-
merical simulations, one obtains the reflection and transmission coefficients for the 
wave scattering on a sample of the material. The deduction of macroscopic param-
eters, such as dielectric permittivity and magnetic permeability from the scattering 
data, is a separate problem [83].
The improvement of the transmission properties of LHM was suggested in [77], 
where it was shown that the low experimental peak of transmitted energy can be 
caused by losses in the dielectric board which forms part of the composite structure. 
Therefore, using lower absorption materials for the dielectric boards it may be pos-
sible to get metamaterials with significantly lower losses. Further studies [87, 90] 
have shown that the effective medium approximation, generally, cannot be applied 
for the study of metallic composite structures [91, 92]. This is a result of the unac-
counted for periodicity, non-physical signs of the imaginary parts of the dielectric 
permittivity and the magnetic permeability appear.
One of the most effective numerical methods for the simulation of the microstruc- 
tured materials, which takes into account the internal structure of the composite, 
is the modified transfer-matrix approach [80]. Direct finite-difference time-domain 
simulations of composites with a significant number of metallic particles seems cur-
rently impossible with available computational capacities.
In a number of numerical studies the left-handed material is treated as a homo-
geneous medium with a frequency-dependent dielectric permittivity and magnetic 
permeability [85, 86, 89]. In general, the wave refraction simulations agree with 
theoretical predictions based on the effective medium approximation.
1.5 Photonic crystals and negative refraction in anisotropic 
media
Photonic crystals (PC) are artificial periodic structures which are designed to 
control photons in a similar way to a semiconductor crystal controlling electrons. 
The periodicity of the dielectric permittivity in a PC results in a photonic band 
structure, or an energy dispersion, exactly in the same way as the periodicity of a 
real crystal gives the energy band structure for electrons.
We note that all the composite structures in Sec. 1.3 are also made of periodi-
cally arranged particles. The difference with photonic crystals is in the relationship 
between the propagating wavelength and the period of the structure. The charac-
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Figure 1.11: Hexagonal 3D photonic crystal and its atomic-force microscopy 
top view [93]).
teristic size of the inhomogeneity in metamaterial structures is assumed to be much 
less than the wavelength. This makes it possible to use the effective medium ap-
proximation, a homogenization procedure, which introduces effective macroscopic 
parameters and, therefore, allows us to use a common description of electromag-
netic waves in a homogeneous medium. PCs are structures with a periodicity on the 
order of the wavelength. In this case the description of the electromagnetic wave 
phenomena is more complicated and the macroscopic parameters cannot be intro-
duced in the usual way. However both composite structures and PCs are periodic 
and one can expect that some effects are common for both.
It is not surprising then, that negative refraction was experimentally observed 
in experiments with a three-dimensional photonic crystal [93]. The photonic crystal 
consisting of alternate layers of S i and S i0 2 (see Fig. 1.11) was illuminated by the 
light of the wavelength A = 956nm. The optical paths were monitored from the 
upper facet of the crystal. It was found that small variations of the angle of incidence 
from —7° to +7° resulted in a huge variation of the angle of transmission from —70° 
to +70° (see Fig. 1.12). Note, that for all angles of incidence, the refraction was 
negative. This effect is called a superprism phenomenon.
The theoretical explanation of such a phenomena was suggested by Notomi in 
Refs. [94, 95]. The light refraction at the interface of the PC can be explained using 
equifrequency surfaces (EFS) on the plane of the wavevectors (Fig. 1.13). The EFS 
of the isotropic material is a circle. A vector from the center of coordinates to 
the point on this EFS represents the wavevector. The normal vector to the EFS 
indicates the direction of the energy flow.
The boundary condition, which allows us to determine the direction of the wave 
refraction, is the continuity of the tangential component of the wavevector (ky in 
our notation). In the case of a boundary between two isotropic homogeneous media, 
Snell’s law can be easily obtained from the EFS diagram. The EFS of the photonic 
crystal is much more complicated and the number of refracted waves depends on the
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Figure 1.12: Negative refraction of the light on the photonic crystal. The 
Superprism phenomenon is a large change of the angle of refraction at a 
small variation of the angle of incidence [93].
incident waveincident wave
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Figure 1.13: Equifrequency surfaces for a 2D hexagonal photonic crystal with 
(a) a vanishingly small modulation of the index of refraction. Diffracted and 
transmitted waves are presented, (b) A small finite index modulation with 
no transmitted wave, (c) The only diffracted wave represents the negative 
refraction (Notomi, [94, 95]).
number of the EFS points satisfying the boundary condition. Fig. 1.13(a) shows 
the EFS for the 2D hexagonal photonic crystal with vanishingly small refractive 
index modulation. Here, two refracted beams appear. In the case of a PC with
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Figure 1.14: Effective index of refraction of the photonic crystal vs normalized 
frequency (Notomi, [94, 95]).
finite modulation of the index of refraction [see Fig. 1.13(b)] the band gap prevents 
the appearance of one transmitted beam, and only the negatively refracted beam is 
present. The EFS can also be used to explain the superprism phenomena. Strong 
variations of the angle of refraction with the angle of incidence appears at the points 
of the EFS with a high curvature.
Notomi also suggested a new way to introduce the effective index of refraction 
for a PC [94, 95]. He noted that in some frequency region the structure of the EFS 
is the same as for a homogeneous isotropic medium, i.e. a circle. As a result, the 
effective index of refraction can be determined using Snell’s law, coupling the angle 
of refraction and the angle of incidence. Numerically calculated values for the index 
of refraction of the PC are shown in Fig. 1.14. One can see that negative refraction 
does not take place for all frequencies.
Negative refraction in a slab of two-dimensional PC was demonstrated numeri-
cally [97] using the modified transfer matrix method. Numerical simulations [96, 98] 
also predict that it is possible to create ’’perfect lenses” for optical wavelengths us-
ing a slab of suitably engineered PC. Microwave experiments show a possibility of 
the sub-wavelength imaging using a PC slab [99]. Focussing of the telecommunica-
tion wavelength was demonstrated in Ref. [100]. Detailed studies of the EFS of the 
square PC have shown that the phase velocity is always co-directed with the group 
velocity in the first band. From this point of view, the index of refraction of such 
a structure is always positive at the corresponding frequencies. On the other hand, 
using the terminology of solid state physics, the photonic effective mass d2u / dkidkj 
can be negative in a particular frequency range, giving negative refraction without 
a negative index of refraction. Numerical simulations based on the finite-difference 
time-domain method have shown the focusing properties of a slab of PC, see Fig. 
1.15. In this case, the resolution limit is determined as cja/27rc, where a is the 
period of the lattice. Clearly, the resolution can be significantly better than that 
for the usual lens.
The general nature of the wave phenomena suggests that the effects similar to
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Figure 1.15: A photonic crystal slab works as a lens. Shown is a snapshot of 
the magnetic field [96].
negative refraction of optical beams in a photonic crystal can be observed, e.g., 
for surface waves on a liquid. Indeed, it was demonstrated experimentally and 
numerically [101] that refocusing of the waves on a surface of liquid is possible by 
means of periodically arranged cylinders, which form an acoustic analogue of the 
photonic crystal for surface waves. Negative refraction effects for acoustic waves 
have been studied numerically [102] and experimentally [103].
1.6 Conclusion
The study of left-handed materials is a new area of research in the fundamental 
and applied physics, and it is driven by the perspectives of creating optical elements 
that may dramatically surpass current physical limitations. Recent progress in the 
artificial material design enabled the first experimental observation for microwaves 
and stimulated great interest in the topic. We believe that further studies of left- 
handed materials will reveal many novel physical phenomena that may lead to 
practical applications in the near future.
CHAPTER 2
Electromagnetic properties of left-handed 
metamaterials
In this Chapter we will first, in Sec. 2.1, analyze the linear and nonlinear electro-
magnetic properties of left-handed materials. In Sec. 2.2 we will discuss the effects 
of structural disorder on the ability of composite structures to exhibit left-handed 
properties. We will perform finite-difference time-domain simulations to study wave 
propagation in nonlinear metamaterials in the Sec. 2.3, and we will show the exis-
tence of the spatio-temporal solitons. Finally, in Sec. 2.4, we will study the elec-
tromagnetic spatial solitons, which exist in metamaterial with hysteresis type of 
nonlinear response.
2.1 Effective macroscopic description, linear and nonlinear
Electromagnetic wave scattering on an inhomogeneous structure is, generally, 
a very complicated problem. In particular, inhomogeneous structures with spatial 
scales of the order of the electromagnetic wavelength, e.g., photonic crystals, quite 
often require time-consuming finite-difference time-domain simulations. Such nu-
merical simulations do not give a deep physical understanding of the problem. More 
importantly, fully numerical approaches do not always allow for mapping the pa-
rameter space for the full range of possible physical phenomena. For these purposes 
approximate analytical methods can give the desired results.
One of the available analytical approaches for the study of composite structures, 
the elements of which are much smaller than the wavelength of the propagating 
radiation, is the effective medium approximation. Within this approximation it is 
possible to introduce the effective macroscopic parameters, dielectric permittivity 
eeff and magnetic permeability yuef/, such that the propagation of electromagnetic 
waves in the composite is identical to that in the homogeneous medium with the 
effective parameters. Thus, the main task of the effective medium approximation is 
to determine the effective parameters for each particular composite.
In this section we will calculate the effective dielectric permittivity and the effec-
tive magnetic permeability of a nonlinear metamaterial. The negative real part of 
the effective dielectric permittivity of such a composite structure appears due to the 
metallic wires whereas a negative sign of the magnetic permeability becomes possi-
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Figure 2.1: Schematic of the composite metamaterial structure. Lower inset 
shows a unit cell of the periodic structure while the upper inset shows the 
SRR equivalent oscillator with the parameters used in the derivation.
ble due to the SRR lattice. As a result, these materials demonstrate the properties 
of negative refraction in the finite frequency band, l jo < co < min(u;p,u;||m), where 
UÜQ is the eigenfrequency of the SRRs, oj\\m is the frequency of the longitudinal mag-
netic plasmon, ujp is an effective plasma frequency, and oj is the angular frequency 
of the propagating electromagnetic wave, (£ ,H ) ~  (E, H) exp [icut). The split-ring 
resonator can be described as an effective LC oscillator (see Ref. [59]) with the 
capacitance of the SRR gap, as well as an effective inductance and resistance (see 
the upper inset in Fig. 2.1).
2.1.1 Effective dielectric permittivity
First, for simplicity, we consider a two-dimensional composite structure consist-
ing of a square lattice of periodic arrays of conducting wires and split-ring resonators 
(SRR) shown schematically in Fig. 2.1. We assume that the unit-cell size d of the 
structure is much smaller then the wavelength of the propagating electromagnetic 
field and, for simplicity, we choose the single-ring geometry of a lattice of SRRs. 
The results obtained for this case are qualitatively similar to those obtained in the 
more involved cases of double SRRs. We note also, that we will discuss the non-
linear response of the composite, which contains nonlinear dielectric. The linear 
properties can be obtained from the presented nonlinear model by setting to zero 
the appropriate nonlinear coefficients.
The nonlinear response of such a composite structure can be characterized by two 
different contributions. The first one is an intensity-dependent part of the effective 
dielectric permittivity of the infilling dielectric. For simplicity, we assume that the 
metallic structure is embedded into a nonlinear dielectric with a permittivity that 
depends on the intensity of the electric field in a general form, e£>(|E|2). For the
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detailed calculations presented below, we take a linear dependence that corresponds 
to the Kerr effect.
The second contribution into the nonlinear properties of the composite material 
comes from the lattice of resonators, since the SRR capacitance (and, therefore, the 
SRR eigenfrequency) depends on the strength of the local electric field in a narrow 
slot. Additionally, we can expect a nonlinear eigenfrequency detuning due to a 
resonant growth of the charge density at the edges of the SRR gap. The intensity 
of the local electric field in the SRR gap depends on the electromotive force in the 
resonator loop, which is induced by the magnetic field. Therefore, the effective 
magnetic permeability peg should depend on the macroscopic (average) magnetic 
field H. We will discuss this dependence in the Sec. 2.1.2.
For the polarization shown in Fig. 2.1 (lower inset), the main contribution to 
the dielectric function is given by the array of wires. When the wire length is large 
enough, so that the frequency of the fundamental (dipole) mode of an individual 
wire becomes much smaller than c j, only the resistance and inductance of the wires 
give a contribution to the lattice impedance. Hence, Ohm’s law for the current can 
be written in the form,
cr
^  1 + iu>aSLw
where j w is the electric current density in the wire, E ' is the local electric field, a is 
the conductivity of the wire metal, Lw ~  2c~2 In (d/r w ) {d rw) is the inductance 
of the wire per unit length, c is the speed of light, rw is the wire radius, S  is the 
effective area of the wire cross-section, S  ~  7rr2 , for 6 > rw and S  & 7rS(2rw — (5), 
for 6 < rw, where 5 = cj yf [2t:guj) is the thickness of the skin layer. The average 
current density in the unit cell can be written in the form,
CL) = j jL -  (2-2)
For waves polarized along the wires the average macroscopic electric field E is 
approximately equal to the local field E'. Taking into account the general relation 
between the electric field E  and the electric induction D,
4-7T
D =  eo(|E |2)E +  — (L)>
VjJ
we can obtain an expression for the effective nonlinear dielectric permittivity
( |£ f )  =  ( |£ |2) -  (2.4)
where up ~  (c/d)[27r/In (d/rw)}1̂ 2 is the effective plasma frequency, and 7 e =  
c2/2cr51n (d/rw). The second term on the right-hand side of Eq. (2.4) is in com-
plete agreement with the earlier result obtained by Pendry and co-authors [8]. One 
should note that the low losses case, i.e. 7 e «C u, corresponds to the condition 
5 rw. It means that the macroscopic losses are lower for a composite with thicker
(2.3)
wires.
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2.1.2 Effective magnetic permeability
The analysis becomes more involved for calculating the nonlinear magnetic re-
sponse of the composite structure, which is determined by the intrinsic properties 
of the nonlinear oscillators in the presence of an external periodic force. For the 
structure under consideration, the current induced in each resonator can be found 
as
I  = -lira 2 0 )  |H 0| Z ~ \  (2.5)
where H 0 is the amplitude of the external field applied to a SRR, Z  =  icoL +  R  +  
(icjC)~l is the SRR impedance, and the other parameters are marked in Fig. 2.1: a is 
the radius, F, R , and C are the inductance, resistance, and capacitance, respectively. 
The amplitude of the electric field in the gap of a SRR can be found as follows
E J  ~ -------
9 iuC dc
( 2 .6 )
where dg is the size of the SRR gap. Nonlinear effects in Eqs. (2.5), (2.6) appear 
due to the capacitance C which is proportional to eu(\Eg\2). Therefore, Eq. (2.6) 
gives an implicit relation between the amplitude of the local electric field in the gap 
and the amplitude of the (external to the SRR) magnetic field.
The relation between magnetic inductance B and macroscopic magnetic field 
H 0 is given by the formula
B = H 0 +  F H ', (2.7)
where H' is an additional magnetic field induced by the alternating external mag-
netic field H 0 in a cylindrical SRR, which determines the magnetization of the 
composite, and F  =  7ra2/d 2.
Taking into account that H ' =  0 outside the cylindrical SRR, from the boundary 
conditions we obtain the relation
|H '| =  —  |j , | ,  (2.8)
where j s is an equivalent surface current in the SRR, which is equal to the current per 
unit length. From Eq. (2.5) and Eqs. (2.7)-(2.8), we obtain an explicit expression 
for the effective magnetic permeability of the composite structure (for 1):
Meff(H) — 1 -I-
_______FuF_______
w o jv l (h ) - u >
(2.9)
where
< 4 v i(H )= ( - )  [7rrveD(|E9(H)|2)]
is the eigenfrequency of oscillations in the presence of the external field of a finite 
amplitude, rr is the width of the ring, 7m =  c2/2naarr , for rr < 5, and 7m = 
c2/2iT(Taöi for 77 > 5. It is important to note that Eq. (2.9) has a simple physical 
interpretation: The resonant frequency of the artificial magnetic structure depends
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Figure 2.2: Real part of the effective magnetic permeability vs. intensity of 
the magnetic field: (a) Q > 1, a = 1; (b) Q < 1, a = 1, (c) Q > 1, a = —1; 
and (d) Q < 1, a = — 1. Black -  the lossless case (7 = 0), green -  the lossy 
case (7 = 0.05). Dashed curves show unstable branches.
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Figure 2.3: Imaginary part of the effective magnetic permeability vs. intensity 
of the magnetic field for 7 =  0.05: (a) D > 1, a = 1; (b) Q < 1, a = 1, 
(c) ft > 1, a = — 1; and (d) Q < 1, a = — 1. Dashed curves show unstable 
branches.
on the amplitude of the external magnetic field and, in turn, this leads to the 
intensity-dependent function /i,eff-
To be more specific, we consider the Kerr nonlinearity of the dielectric in the 
composite material, i.e.
eD (\E\2) = e  + a\E\2/ E 2c, (2.10)
where Ec is a characteristic electric field, and a =  ±1 stands for a focusing or
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defocusing nonlinearity, respectively. Then, the relation between the macroscopic 
magnetic field and the dimensionless nonlinear resonant frequency can be obtained 
from Eqs. (2.5)—(2.8), and (2.10) as
( 1 -  x 2)
H |2 = aA2E 2---
(x2 -  n2f  + n2y2 
1 x 6 (2 . 11)
where A2 = 16e3ui2r2/c2, Q =  u/uio, wo =  (c/a)[^9/7rrre]1/2 is the eigenfrequency of
the system of SRRs in the linear limit, X  =  c jo v l / ^ o, and 7 =  jm/ujo. Therefore, we 
find that the dimensionless eigenfrequency of the SRR lattice X  (\H\2) is a multi-
valued function of the magnetic field. This result reveals a general property of 
nonlinear oscillators with a high quality factor [104].
The parametric dependence of the effective magnetic permeability on the mag-
netic field is determined completely by Eqs. (2.11) and (2.9). Figures 2.2 and 2.3 
summarize different types of nonlinear magnetic properties of the composite, which 
are defined by the dimensionless frequency of the external field fl, for both a focus-
ing [Fig. 2.2(a,b) and Fig. 2.3(a,b)] and a defocusing [Fig. 2.2(c,d) and Fig. 2.3 
(c,d)] nonlinearity of the dielectric.
In the case of a focusing nonlinearity (i.e. when a =  1), the SRR eigenfrequency 
decreases with increasing intensity of the electromagnetic field because of the growth 
of the SRR capacitance. Then, for fl > 1, the effective magnetic permeability of 
the composite structure grows with the field intensity, as shown in Fig. 2.2(a). If 
in the linear limit the composite material is left-handed, i.e. Re(/ieß) < 0, it will 
become right-handed for higher intensities of the magnetic field jin this reasoning 
we assume Re(eeff) < 0].
A more complicated behavior of the magnetic permeability is observed for Q < 1; 
this is shown in Fig. 2.2(b). Here, in the linear limit the real part of the magnetic 
permeability is always positive, but the eigenfrequency of the SRR decreases with 
the growth of the magnetic field, thus driving the system into resonance. Since a 
nonlinear oscillator has a hysteresis structure of its response with a change of an 
external force (see, e.g., Ref. [104]), this leads to multi-valued dependencies. In 
our problem, the nonlinear eigenfrequency is a three-valued function of the external 
magnetic field, and this results in jumps of the magnetic permeability with the 
growth of the magnetic field. As follows from Fig. 2.2(b), the magnetic field intensity 
displays a jump of the magnetic permeability from positive to negative values at 
some Hc\. Thus, the initially opaque medium with positive refraction becomes a 
negative-refraction transparent medium with the growth of the field intensity. This 
effect can be treated as a second-order phase transition induced by the external 
electromagnetic field. The reverse transition takes place when the magnetic field 
intensity decreases to the value Hc2 < H&.
In the case of a defocusing nonlinearity (i.e. when a  =  —1), the SRR eigenfre-
quency increases with the amplitude of the external field. That is why the resonance 
effects take place for fl > 1, as shown in Figs. 2.2(c,d) and Figs. 2.3(c,d). Here, 
we observe the opposite behavior when the transition from the case Re(/ieff) <  0 
to the case Re(^eff) > 0 takes place at high values of the external field, and the
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reverse transition occurs at lower field intensities. In the latter case, R e (p ^ )  is 
always positive for Q < 1, see Fig. 2.2(d).
Our results show that the imaginary part of the effective magnetic permeability, 
which determines the structure losses, can be controlled rather effectively by a 
proper choice of the intensity of the external high-frequency magnetic field, see 
Fig. 2.3. We believe that this feature may be important for the future applications 
of left-handed materials.
Due to the high values of the electric field in the slot of SRR as well as reso-
nant interaction of the electromagnetic field with the SRR lattice, the characteristic 
magnetic nonlinearity in such structures is much stronger then the correspond-
ing electric nonlinearity. Therefore, magnetic nonlinearity should dominate in the 
composite materials that display the phenomenon of negative refraction. More im-
portantly, the nonlinear medium can be created by inserting nonlinear elements into 
the slots of SRRs, allowing an easy tuning by an external field.
The critical fields for switching between LH and RH states, shown in the Figs. 2.2 
and 2.3 can be reduced to a desirable value by choosing the frequency close to the 
resonant frequency of SRRs. Even for a relatively large difference between the 
SRR eigenfrequency and the external frequency, as we have in Fig. 2.2(b) where 
0  =  0.8 (i.e. u  = 0.8cjo), the switching amplitude of the magnetic field is ~  
0.03i?c. The characteristic values of the focusing nonlinearity can be estimated for 
some materials such as n-InSb for which Ec = 200V/cm  [105]. As a result, the 
strength of the critical magnetic field is found as Hci «  1.6A /m . Strong defocusing 
properties for microwave frequencies axe found in BaxSri_xTi0 3  (see Ref. [106] and 
references therein). The critical nonlinear field of a thin him of this material is 
Ec — 4 • 104 V/cm, and the corresponding held of the transition from the LH to RH 
state [see Fig. 2.2 (c)] can be found as Hc ~  55.4A/ra.
The possibility of strongly enhanced nonlinearities in left-handed metamaterials 
revealed here may lead to an essential revision of the concepts based on the linear 
theory, since the electromagnetic waves propagating in such materials always have a 
hnite amplitude. At the same time, the engineering of nonlinear composite materials 
will open a number of their novel applications such as frequency multipliers, beam 
spatial spectrum transformers, switchers, limiters, etc.
We notice that the hysteresis behavior with jumps in the dependencies of the 
effective material parameters has been described above for stationary processes only. 
Such transitions will display a characteristic scale in time or space for initial or 
boundary problems, respectively. Such spatial or temporal scales are determined 
by the relaxation micro-processes in the SRR lattice. The finite-difference time- 
domain simulations in Sec. 2.3 will demonstrate the real time dynamics of the wave 
scattering on the metamaterial with hysteresis response.
2.2 Effects of disorder on LH properties of metamaterial
In this section, we study the effect of weak disorder in the SRR structure parame-
ters on the linear magnetic response of composite and the existence of the frequency
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domain where the composite material exhibits the specific left-handed properties. 
We show that even relatively small variation of the SRR parameters can result in 
the dramatic decrease of the size of the left-handed frequency domain and, above 
a certain threshold value, disorder can suppress and even eliminate completely the 
left-handed properties of the metamaterial.
We study a composite structure made of metallic wires and single-ring microwave 
resonators, as shown schematically in Fig. 2.1. We present magnetic susceptibility 
in the form (see, e.g., Refs. [107, 108]), M  =  x(<^)H', where
x M
rjcu2
u l  -  (j J 1 4 -  ’
(2.12)
V =  I  Q )  [ln(8a/r) -  7/4] 1/2 . (2.13)
Here, H ' is acting (microscopic) magnetic field, uj0 is the SRR eigenfrequency.
Results (2.12) and (2.13) are obtained under the major assumption that all res-
onators in the structure are identical. Now we consider the case when the size of 
the slot da is random and it is characterized by a statistical distribution function. 
Our study can be motivated by a number of the recent efforts to create the metama-
terials with the left-handed properties for shorter wavelengths and, for the smaller 
SRR size in the structure, the key parameters would be difficult to control in fab-
rication. In our structure, the parameter rj does not depend on dg [see Eq. (2.13)], 
and only the SRR eigenfrequency o;0 is affected by fluctuations of dg. Then, the 
equation for the magnetic susceptibility (2.12) can be generalized to describe the 
case of randomly varying eigenfrequency,
X M  =  T)U2
F(Qd(,
£ 2 -  w 2 +  i-ymui'
(2.14)
where F(£) is the normalized distribution function of the SRR eigenfrequencies, i.e. 
fo* ^ ( 0  d£ =  1. In the standard case when all SRRs are identical, the distribution 
function can be represented as F(£) =  — cj0).
To describe the coupling between the acting magnetic field H ' and the macro-
scopic magnetic field H, we use the Lorentz-Lorenz formula [14], H ' = H+(47t / 3)M, 
and present the effective magnetic permeability in terms of local magnetic suscep-
tib ility  (2.14) as follows
Âeff (^)
1 +  (8tt/3 )x M  
1 -  (4t t /3 )x M  ’
(2.15)
For definiteness, we consider the Lorenz-type distribution of the SRR eigenfrequen-
cies in the form
m  =
( I »
(2.16)
with a narrow width for T <C cjo such that the eigenfrequencies of all resonators 
are close to some mean value icq- As a result, non-vanishing contributions to the 
integral are given by the values of £ in the vicinity of £ = cvo, and we introduce a 
new variable A, £ =  cj0 +  A, where |A| cj q- We are interested in the behavior of
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Figure 2.4: Dependence of the real part of the order parameter T l h  on the 
effective combined losses f  in the composite structure.
the magnetic susceptibility in the vicinity of cj =  cj0, and we introduce u  — cj0 +  f2, 
where \Q\ u q . In this approximation, Eq. (2.14) can be rewritten as
xM  ~ 2 J dA- »  (A2 +  P ) (A  — n  +  i7m /2)' (2.17)
Using the contour integration, the integral in Eq. (2.17) can be calculated explicitly, 
and the expression for the magnetic susceptibility can be obtained in the following 
form:
x(fi)
UpT] 1
2 ( -n  + i f ) ’ (2.18)
where f  =  T + rYm/2- The result (2.18) shows that the random variation of the SRR 
eigenfrequencies is equivalent to some additional losses in the structure, and even for 
an ideal case of lossless resonators, i.e., when — 0, the composite structure with 
random variation of the SRR frequencies possesses effective losses. From the physical 
point of view, such effective losses resemble the collisionless Landau damping in 
plasmas [109] caused by the presence of resonant particles and, simultaneously, it 
follows from the Kramers-Kronig relations.
From Eqs. (2.15) and (2.18), we find the frequency domain where the real part 
of magnetic permeability becomes negative, fli < fl < where
Hi,2 = l r e t  v U  -  f 2> (2.19)
and Tc =  TcquJo. Thus, the width of the frequency domain of the negative effective 
magnetic permeability is
ASIl h  =  2 ^ r 2 - r 2. (2.20)
The value Tc has the meaning of the critical losses in the composite structure above 
which the domain with negative values of the magnetic permeability disappears, and
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Figure 2.5: Real part of the effective magnetic permeability as a function of 
the wave frequency for f /Yc = 0.2 (solid), f  /Y c — 0.5 (dashed), and f  /Yc — 1 
(dotted).
the relative critical parameter Yc/ loq depends only on the structure of the composite. 
Taking the characteristic values d =  0.5cm, a =  0.2cm, and rr =  0.05cm, we obtain 
r c/a;o =  0.046. This result indicates that even for the case of lossless resonators, 
i.e. 7m =  0, relative fluctuations of the SRR eigenfrequencies cannot exceed 4.6%. 
Accordingly, if the slot size is da = 0.01cm, (then ujq/2 tt =  9.6GHz) the critical 
variation can be estimated as Adg ~  5/mi. Existence of such a critical distribution 
width places strict requirements on the manufacturing of such materials. Although 
for microwaves such requirements can be easily met, they can result in substantial 
experimental difficulties for shorter wavelengths. In particular, the recent proposal 
to fabricate left-handed metamaterials in optics using nanowires and 7r-shaped par-
ticles [110], would require an accuracy better than 5 nm, that can be challenging 
for the existing technology.
We note that premeditative introduction of disorder does not allow to increase 
the size of the left-handed frequency domain for any type of the distribution func-
tion. Such a conclusion has a simple physical explanation. Indeed, disorder in the 
eigenfrequencies for any given SRR density results in a decrease of the effective 
number of resonators, which contribute into the negative magnetization. In the 
recent experiment [111], combining s-shaped resonance particles, the authors fab-
ricated the metamaterial with two domains of the negative refraction. Using the 
results obtained above, we may come to the conclusion that the total size of the 
frequency domain with the negative magnetic permeability in the structure fabri-
cated in Ref. [Ill] is less than it would be for the metamaterial where all resonators 
are identical. Moreover, using the resonators with several different values of the 
eigenfrequency can eliminate completely the left-handed properties.
Reduction and complete suppression of the frequency domain with negative mag-
netic permeability with a growth of the value of f  can also be explained in a differ-
ent way. Indeed, the left- and right-handed properties of the metamaterial can be 
treated as two different “phase states” of the structure. Thus, a transition from one 
state to the other can be interpreted as the phase transition of the second kind. The 
parameter Y describes the effect of disorder in the structure, and it can be treated
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as ”effective temperature” . Such comparison is adequate since the effective tem-
perature is determined as the width of statistical frequency fluctuations including 
both homogeneous and inhomogeneous line broadening. To describe different phase 
states of the structure, we introduce the effective order parameter, as is usually 
done in the theory of phase transitions. In the absence of homogeneous (qm =  0) 
and inhomogeneous (T =  0) SRR line broadening (i.e. in the absence of disorder), 
the metamaterial has the maximum width of the left-handed domain, which de-
creases and then disappears at the critical ’’effective temperature” Tc termed as the 
temperature of the phase transition. We use the ratio of the left-handed frequency 
range to the maximum left-handed frequency domain as the order parameter,
*LH = A fW A ^T ’ = fie[l -  (r/rc)2]1/2. (2.21)
so that the metamaterial possesses the left-handed properties when T l h  ^  0, i.e., 
below the effective critical temperature r c. Dependence of the order parameter Tl h 
on f  is shown in Fig. 2.4. The real part of the magnetic permeability as a function 
of the wave frequency is shown in Fig. 2.5 for different values of the ratio T/ Tc. For 
large values of f  /T c, the frequency domain where the material possesses negative 
magnetic permeability is eliminated due to disorder.
The result (2.21) suggests two ways for increasing the width of the effective fre-
quency domain where the composite material possesses the left-handed properties, 
namely, (i) decreasing the effective temperature f , e.g. by improving the manufac-
turing technology for shorter wavelengths, and (ii) increasing the effective critical 
temperature Tc, e.g. by a design of the resonators.
Though the concept of the order parameter 4/ l h  does not seem to be important 
in the context of the problem under study, it is expected to be useful in other (e.g. 
nonlinear) problems, when it becomes dependent on the field intensity, time, and 
coordinate. In this case, the order parameter will determine the material properties 
in different domains, describing the dynamics of the phase transitions between the 
states with left- and right-handed properties [112].
2.3 Wave scattering by the nonlinear metamaterial slab. 
Temporal solitons.
As it was shown in previous sections, the left-handed metamaterials may possess 
quite complicated nonlinear magnetic response [112, 113]. Importantly, the micro-
scopic electric field in such composite structures can become much higher than the 
macroscopic electric field carried by the propagating electromagnetic wave. This 
provides a simple physical mechanism for enhancing nonlinear effects in the resonant 
structure with the left-handed properties. Moreover, any future effort in creating 
tunable structures, where the field intensity change the transmission of a composite 
structure, would require the study of nonlinear properties of such metamaterials, 
which are expected to be quite unusual.
In this chapter, we study numerically the wave transmission through a slab 
of the left-handed metamaterial assuming that it possesses a hysteresis nonlinear
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response, which was analyzed in Sec. 2.1.2. We make a step forward in comparison 
with the recent predictions in Ref. [112], and simulate numerically, with the help 
of the finite-difference time-domain simulations [114], a nonlinear microstructured 
material. When the slab possesses an intensity-dependent nonlinear response due to 
nonlinear dielectric inclusions in split-ring resonators, we observe the nonlinearity- 
induced transmission of the slab for larger input powers even the slab is opaque 
and totally reflecting for low-amplitude wave scattering. In addition, we observe 
that the spatiotemporal dynamics in the case of the overcritical transmission can 
be characterized by the generation and propagation of spatiotemporal solitons. We 
present the results for one- and two-dimensional geometries.
We generalize our findings in the previous sections, and consider a finite slab 
of a composite structure consisting of a 3D cubic lattice of the periodic arrays of 
conducting wires and split-ring resonators (SRRs). We assume again that the unit-
cell size d of the structure is much smaller then the wavelength of the propagating 
electromagnetic field and, for simplicity, we choose the single-ring geometry of a 
lattice of SRRs.
We study the scattering of the electromagnetic waves by a slab of the metama-
terial assuming that the metamaterial possesses a nonlinear response. We use the 
finite-difference time-domain (FDTD) numerical simulations which allow the anal-
ysis of spatiotemporal effects in the wave scattering. To describe the nonlinearity 
response of the metamaterial, we employ the effective averaged Maxwell equations 
in the standard form
V x E  = - i p (2.22)
IdE  4n . .- 7^  + — j + 4 t tV x M, 
c ot c (2.23)
where (j) is the current density averaged over the period of the unit cell of the cubic 
lattice. We base our numerical simulations on the microscopic model of a nonlinear 
metamaterial that generalizes the linear model recently introduced in Ref. [107]. 
First, we write the averaged constitutive relations in the following form [107],
< ^ i r  + ® = S E’
TV /T 2 r  ^M = — 7Ta I —
2 c B ’ (2.24)
where Lw is the inductance of a metallic wire per unit length, a is the conductivity 
of metal used in the composite, a is the SRR radius, S is the effective cross-section 
of a wire introduced in Sec. 2.1.1, S ~  irrj, for 5 > rw, and S ~  7rö(2r — 6), for 
6 < rw, where rw is the radius of the wires, 5 = c/ i s  the skin-layer thickness, 
I  is the current in SRR, nm is the concentration of SRRs. The current in SRRs is 
governed by the equation
7T<2' dH' - U - R I ,c dt (2.25)
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where L is the inductance of SRR, R is the resistance of the SRR wire, U is the 
voltage on the SRR slit, and H' is the acting (microscopic) magnetic field, which 
differs from the average (macroscopic) magnetic field. Voltage U at the slit of SRR 
is coupled to the current I through the relation
dU 
dt
with the nonlinear capacitance introduced as
C(U) =
2rze
^1 + a
(2.26)
(2.27)
where e is the linear part of the permittivity of a dielectric material inside the SRR 
slit, Uc is the characteristic nonlinear voltage, and a — ±1 corresponds to the case 
of the focusing and defocusing nonlinear response.
The microscopic magnetic field H' in a 3D cubic lattice can be expressed in 
terms of M and B using the Lorenz-Lorentz relation [14]:
H' = B - (2.28)
As a result, Eqs. (2.22) to (2.28) form a closed set of equations, and they will be 
modeled numerically using the FDTD method in the Secs. 2.3.1, 2.3.2. We also 
notice that, by substituting the harmonic fields into these equations, we recover the 
expressions for the magnetic permeability and dielectric permittivity of a nonlinear 
left-handed metamaterial similar to that given by Eqs. (2.9), (2.4) derived earlier 
in Sec 2.1.2.
2.3.1 One-dimensional scattering
To study the spatiotemporal dynamics of the wave scattering by a slab of 
a nonlinear metamaterial in the framework of the model introduced above in 
Secs. 2.1.1, 2.1.2, first we consider a simpler one-dimensional problem that de-
scribes the interaction of the plane wave incident at the normal angle from air 
on a finite slab of the metamaterial. We consider two types of nonlinear effects: 
(i) nonlinearity-induced suppression of the wave transmission when initially trans-
parent left-handed material becomes opaque with the growth of the input wave 
amplitude, and (ii) nonlinearity-induced transparency of the slab when an initially 
opaque composite material becomes left-handed (and, therefore, transparent) with 
the growth of the input wave amplitude.
In our simulations, we assume that the amplitude of the incident wave grows 
linearly for the first 50 periods, and then it becomes constant. The slab thickness 
is 1.3Ao, where A0 is a free-space wavelength. For the selected parameters, the 
metamaterial is left-handed in the linear regime for the frequency range from f\  = 
5.787 GHz to f 2 = 6.05 GHz.
Our FDTD numerical simulations show that for the incident wave with the 
frequency / 0 = 5.9 GHz (i.e. inside the left-handed transmission band), the elec-
tromagnetic field reaches a steady state independently of the sign of nonlinearity.
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Figure 2.6: Reflection (solid red) and transmission (dashed green) coefficients 
for a slab of nonlinear metamaterial vs. the incident field intensity in a sta-
tionary regime, for the case of defocusing nonlinearity (ct =  — 1). Inset show 
real (solid blue) and imaginary (dashed red) parts of the magnetic permeabil-
ity inside the slab of a composite material.
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Figure 2.7: Reflection (solid red) and transmission (dashed green) coefficients 
for a slab of nonlinear metamaterial vs. the incident field intensity in a sta-
tionary regime, for the case of focusing nonlinearity (a = +1). Inset show real 
(solid blue) and imaginary (dashed red) parts of the magnetic permeability 
inside the slab of a composite material.
Both reflection and transmission coefficients in the stationary regime are shown in 
Figs. 2.6, 2.7 as functions of the incident field amplitude, for defocusing and focusing 
types of nonlinearity. Here and in the rest of the paper, the incident field intensity is
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Figure 2.8: (a) Temporal evolution of the reflected (solid) and incident
(dashed) wave intensity in low-amplitude (linear) regime. (b,c) Spatial dis  ̂
tribution of the magnetic and electric fields, respectively, at the end of the 
simulation domain; the metamaterial region is shaded.
normalized to the squared characteristic field, E 2 — U2/d 2 In the linear regime, the 
effective parameters of the metamaterial at the frequency /o are: e =  —1.33 — O.Olz 
and /i =  —1.27 — 0.3z; this allows the impedance matching with surrounding air, so 
that the reflection coefficient vanishes for small intensities, as shown in Fig. 2.6.
Reflection and transmission coefficients differ qualitatively for two types of non-
linearity. For defocusing nonlinearity, the reflection coefficient varies from low to 
high values when the incident field exceeds some threshold value, see Fig. 2.6. Such 
a sharp transition can be explained in terms of the hysteresis behavior of the mag-
netic permeability described by Eq. (2.9) and discussed in Ref. [112]. When the 
field amplitude in the metamaterial becomes higher than certain critical amplitude, 
magnetic permeability changes its sign, and the metamaterial becomes opaque. Our 
FDTD simulations show that for the overcritical amplitudes of the incident field, 
the opaque region of positive magnetic permeability appears inside the slab [see 
the inset in Fig. 2.6], and the magnetic permeability experiences an abrupt change 
at the boundary between the transparent and opaque regions. The dependencies 
shown in Fig. 2.6 are obtained for the case when the incident field grows from zero 
to a steady-state value. However, taking different temporal behavior of the incident 
wave, e.g. increasing the amplitude above the threshold value and then decreasing 
it to a steady state, one can get different values of the stationary reflection and 
transmission coefficients, and different distributions of the magnetic permeability 
inside the metamaterial slab. Such properties of the nonlinear metamaterial slab 
are consistent with the multi-valued dependence of the magnetic permeability (2.9).
In the case of focusing nonlinearity [see Fig. 2.7], the dependence of the reflection 
and transmission coefficients on the amplitude of the incident field is smooth. First
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Figure 2.9: (a) Temporal evolution of the reflected (solid) and incident
(dashed) wave intensity in weakly nonlinear regime. (b,c) Spatial distribution 
of the magnetic and electric fields, respectively, at the end of the simulation 
domain; the metamaterial region is shaded.
of all, this effect originates from a gradual detuning from the impedance matching 
condition, and, second, from the appearance of an opaque layer with a positive value 
of the magnetic permeability for higher powers that is a continuous function of the 
coordinate inside the slab, as shown in the inset of Fig. 2.7.
Now we consider the other type of nonlinear effects mentioned above when an 
initially opaque composite metamaterial becomes transparent with the growth of 
the incident field amplitude. We take the frequency of the incident field to be 
f o  =  5.67 GHz, so that the magnetic permeability is positive in the linear regime 
and, correspondingly, the metamaterial is opaque for the incoming waves. In the 
case of the self-focusing nonlinear response (a =  +1), the material properties can 
be “switched” to the regime with the negative magnetic permeability when the slab 
becomes left-handed and, therefore, transparent. Figures 2.8(a) and 2.9(a) shows 
the temporal evolution of the incident and reflected wave intensities for small input 
amplitudes, this case corresponds to the linear regime. The reflection coefficient 
reaches a steady state after approximately 100 periods. The final spatial distribution 
of the electric and magnetic fields is shown in Figs. 2.8(b,c) and 2.9(b,c).
In a weakly nonlinear regime [see Fig. 2.9], the intensity of the reflected beam 
decreases approaching a steady state. In this case we observe the formation of a 
localized state inside the metamaterial slab and near the interface, as can be seen 
more distinctly in Fig. 2.9(c). This effect gives an additional contribution to the 
absorption of the electromagnetic energy, and it leads to a decrease of the reflection 
coefficient.
In a strongly nonlinear, overcritical regime, we observe the effect of the dy-
namical self-modulation of the reflected electromagnetic wave that results from the
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Figure 2.10: (a) Temporal evolution of the reflected (solid) and incident 
(dashed) wave intensity in the nonlinear regime (i.e., for the overcritical am-
plitude of the incident wave). (b,c) Spatial distribution of the magnetic and 
electric fields, respectively, at the end of simulation domain; the metamaterial 
is shaded.
periodic generation of the self-localized states inside the metamaterial, as oscillat-
ing localized states near the interface [see Fig. 2.10], or as propagating pulses [see 
Fig. 2.11]. Somewhat related effect of the formation of self-focused localized states 
inside a nonlinear material was previously discussed for the problem of interaction 
of the intense electromagnetic waves with over-dense plasma [115, 116]. Such local-
ized states can be termed as spatiotemporal electromagnetic solitons [117], and they 
can transfer the energy away from the interface. Figure 2.11(c) shows an example 
when two localized states enter the metamaterial. These localized states appear at 
the jumps of the magnetic permeability and, as a result, we observe a change of the 
sign of the derivative of the electric field at the maximum of the soliton intensity, 
and subsequent appearance of transparent regions in the metamaterial. Unlike all 
previous cases, the field structure in this regime does not reach any steady state for 
high intensities of the incident field.
2.3.2 Two-dimensional scattering
Now we consider the two-dimensional beam scattering by a slab of the nonlinear 
metamaterial, and present the FDTD results for the nonlinearity-induced trans-
parency of the metamaterial. We launch a TM-polarized beam of the width 2A0 at 
the angle 45° from the left towards the surface of the metamaterial slab of the thick-
ness 0.9Ao. Figures 2.12 and 2.13 (top) show the snapshots of the magnetic field 
distribution at the linear stage (simulation time t = 67T, T is the field oscillation 
period) and nonlinear stage (simulation time t = 381T) of simulations. Modification
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Figure 2.11: a) Temporal evolution of the reflected (solid) and incident 
(dashed) wave intensity in the strongly nonlinear regime (i.e., for the strongly 
overcritical amplitude of the incident wave). The process of soliton genera-
tion. (b,c) Spatial distribution of the magnetic and electric fields, respectively, 
at the end of simulation domain; the metamaterial is shaded.
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Figure 2.12: Magnetic field distribution (in logarithmic scale) for the beam 
scattering by a metamaterial slab in low-intensity regime (top). Bottom -  
plot shows that the metamaterial is opaque (yellow) for the beam incident at 
45 degrees from the left. Red color indicates the high field areas outside the 
slab. Coordinates are normalized on the free-space wavelength.
of the metamaterial parameters in the high intensity area results in the formation of 
the non-stationary spatiotemporal soliton inside the slab [see Fig. 2.13(top)], which 
makes possible for the electromagnetic energy to penetrate through the slab. The 
dynamics of the soliton formation is qualitatively similar to that in the overcritical 
one-dimensional case discussed above. Figures 2.12 and 2.13 (bottom) show the 
formation of the transparent left-handed domain (shown by black) inside the meta-
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Figure 2.13: Magnetic field distribution (in logarithmic scale) for the beam 
scattering by a metamaterial slab in high-intensity regime (top). Bottom 
-  plot shows the transparent left-handed domain (black) formed in initially 
opaque metamaterial (yellow) by the beam incident at 45 degrees. Red color 
indicates the high field areas outside the slab. Coordinates are normalized on 
the free-space wavelength.
material slab, induced by the electromagnetic field. One can see that an initially 
opaque slab [see Fig. 2.12(bottom)] becomes transparent [see black area inside the 
slab in Fig. 2.13(bottom)] for the high enough field intensities. The shift of the 
transparent domain to the left indicates the negative refraction of the beam in the 
left-handed slab.
2.4 Electromagnetic spatial solitons in LH materials
In this section, we study self-trapping of electromagnetic waves and the for-
mation of spatial solitons in nonlinear left-handed composite media, and find the 
conditions for the existence of both TE- and TM-polarized bright and dark soli-
tons [117]. We demonstrate that left-handed materials with a hysteresis-type (multi-
stable) nonlinear magnetic response discussed in Sec. 2.1.2 support novel and unique 
types of single- and multi-hump (symmetric, antisymmetric, or even asymmetric) 
backward-wave spatial electromagnetic solitons due to the effective domains corre-
sponding to different branches of nonlinear magnetic permeability.
The most interesting case of the magnetic response which we are going to con-
sider here, corresponds to the case shown in Fig. 2.2(c) for the defocusing nonlin-
earity and Q > 1. We also plot it in the inset Fig. 2.14, depicting different branches 
by different lines in order to aid our further explanations.
2.4.1 TM-polarized solitons
General formalism
First, we study spatially localized TM-polarized waves that are described by 
one component of the magnetic field and two components of the electric field.
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Figure 2.14: Phase trajectories on the plane (H,dH/dx)  described by
Eq. (2.29) at 7 =  2.8 with the nonlinear magnetic response shown in the 
inset for a = — 1, e^o =  12.8, h = 0.03 cm, dg — 0.01 cm, a =  0.3 cm, and 
F = 0.4. Solid, dashed, and dotted lines mark the phase trajectories corre-
sponding to the solid, dashed and dotted branches of the nonlinear magnetic 
permeability.
We consider monochromatic stationary waves with the magnetic field compo-
nent H = Hy propagating along the z-axis and homogeneous in the ^-direction, 
[~ exp (iut  — i kz )], described by the dimensionless nonlinear Helmholtz equation
j 2 z j
-  72]ff =  0, (2.29)
where 7 =  kc/ix is a wavenumber, x = x 'l o/ c is the dimensionless coordinate, and 
x'  is the dimensional coordinate. Different types of localized solutions of Eq. (2.29) 
can be analyzed on the phase plane (H,dH/dx)  (see, e.g., Refs. [104, 118]). First, 
we find the equilibrium points: the point (0, 0) existing for all parameters, and the 
point (0, Hi),  where H 1 is found from Eq. (2.11) at
X 2(ff1) =  ^eq =  n 2 { l  +  ^ | ^ y } .  (2.30)
Below the threshold, i.e. for 7 < 7tr, where 7t2r = e[l 4- Ff l2/ (  1 — D2)], the only 
equilibrium state (0,0) is a saddle point and, therefore, no finite-amplitude or lo-
calized waves can exist. Above the threshold value, i.e. for 7 > 7tr, the phase plane 
has three equilibrium points, as shown in Fig. 2.14 for the particular value 7 =  2.8.
In the vicinity of the equilibrium state (0,0), linear solutions of Eq. (2.29) de-
scribe either exponentially growing or exponentially decaying modes. The equilib-
rium state (0, Hi)  describes a finite-amplitude wave mode of the transverse electro-
magnetic field. In the region of multi-stability, the type of the phase trajectories
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Figure 2.15: Examples of different types of solitons: (a) fundamental soliton; 
(b,c) solitons with one domain of negative or positive magnetic permeability 
(shaded), respectively; (d) soliton with two different domains. Insets in (b,c) 
show the magnified regions of the steep change of the magnetic field.
is defined by the corresponding branch of the multi-valued magnetic permeabil-
ity. Correspondingly, different types of the spatial solitons appear when the phase 
trajectories correspond to the different branches of the nonlinear magnetic perme-
ability.
Bright solitons
The fundamental soliton is described by the separatrix trajectory on the plane 
(H , dH/dx)  that starts at the point (0,0), goes around the center point (0, H i), and 
then returns back [see Fig. 2.14, solid curve]; the corresponding soliton profile is 
shown in Fig. 2.15(a). More complex solitons are formed when the magnetic per-
meability becomes multi-valued and is described by several branches. Then, soliton 
solutions are obtained by switching between the separatrix trajectories correspond-
ing to different (upper and lower) branches of magnetic permeability. Continuity of 
the tangential components of the electric and magnetic fields at the boundaries of 
the domains with different values of magnetic permeability implies that both H  and 
dH/dx  should be continuous. As a result, the transitions between different phase 
trajectories should be continuous.
Figures 2.15(b,c) show several examples of the more complex solitons corre-
sponding to a single jump to the lower branch of p(H)  (dotted) and to the upper 
branch of g(H)  (dashed), respectively. The insets show the magnified domains of 
a steep change of the magnetic field. Both the magnetic field and its derivative, 
proportional to the tangential component of the electric field, are continuous. The 
shaded areas show the effective domains where the value of magnetic permeability 
changes. Figure 2.15(d) shows an example of more complicated multi-hump soliton 
which includes two domains of the effective magnetic permeability, one described 
by the lower branch, and the other one -  by the upper branch. In a similar way, we
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Figure 2.16: Normalized soliton energy flow vs. its propagation constant. 
Vertical solid line is a boundary of wave localization in the linear limit, 7 = 7tr. 
Thin vertical dashed line shows the existence boundary for the fundamental 
soliton. Thick solid curve shows the dispersion of a fundamental soliton. 
Dashed and dotted curves correspond to the solitons with one domain where 
the value of magnetic permeability changes. Dotted curves correspond to 
one-hump solitons shown in Fig. 2.15(b), dashed curves correspond to the 
two-hump solitons shown in Fig. 2.15(c).
can find more complicated solitons with different number of domains of the effective 
magnetic permeability.
We note that some of the phase trajectories have discontinuity of the derivative 
at H = 0 caused by infinite values of the magnetic permeability at the corresponding 
branch of fies(H). Such a non-physical effect is an artifact of the lossless model of 
a left-handed nonlinear composite considered here for the analysis of the soliton 
solutions. In more realistic models that include losses, the region of multi-stability 
does not extend to the point H = 0, and in this limit the magnetic permeability 
remains a single-valued function of the magnetic field [112].
For such a multi-valued nonlinear magnetic response, the domains with different 
values of the magnetic permeability ” excited” by the spatial soliton can be viewed 
as effective induced left-handed waveguides which make possible the existence of 
single- and multi-hump soliton structures. Due to the existence of such domains, the 
solitons can be not only symmetric, but also antisymmetric and even asymmetric. 
Formally, the size of an effective domain can be much smaller than the wavelength 
and, therefore, there exists an applicability limit for the obtained results to describe 
nonlinear waves in realistic composite structures.
Nonlinear dispersion of several types of spatial solitons is shown in Fig. 2.16 as 
the dependence of the soliton energy flow vs. the normalized propagation constant 
7 . The fundamental soliton exists in a limited range of 7 . The lower boundary is 
determined by the threshold value 7tr. At the upper boundary, the amplitude of the
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Figure 2.17: Phase diagram of Eq. (2.31) corresponding to the multi-valued 
magnetic response shown in Fig. 2.14(inset). Solid, dashed and dotted curves 
mark the phase trajectories that correspond to solid, dashed and dotted curves 
in Fig. 2.14(inset), respectively. Inside the circle with the radius H* the 
magnetic permeability is a three-valued function of H, but it is single-valued, 
otherwise. Thick solid figure-eight curve is defined by a singularity in (2.31), 
at which the (dotted) phase trajectories change their direction.
soliton field exceeds the critical value i/*, and the magnetic permeability becomes 
positive. All spatial solitons are backward propagating waves here, since the energy 
propagates in the direction opposite to the wavevector, as indicated by the negative 
sign of power flow.
Stability of these solitons is a crucial issue, which requires a detailed study. In 
the case of TM-polarized fundamental soliton, one can represent the nonlinearity 
of the metamaterial by a linear dependence of the magnetic permeability on the 
intensity of the magnetic field. As a result, such solitons can be described by the 
nonlinear Shrödinger equation, and it indicates their stability in two-dimensional 
geometry. The study of stability of the solitons guided by domains is more compli-
cated, especially in the cases when the energy flow inside the domain is opposite to 
that outside of it. Analysis of the dynamics of such solitons cannot be performed 
using conventional methods, such as the beam propagation method, but it requires 
solving Maxwell’s equations.
Dark solitons
When the infilling dielectric of the structure displays self-focusing nonlinear re-
sponse, we have f i e l ,  and in such system we can find dark solitons, i.e. localized 
dips on the finite-amplitude background wave [117]. Similar to bright solitons, there
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exist both fundamental dark solitons and dark solitons with domains of different 
values of magnetic permeability. For self-defocusing nonlinearity and < 1, mag-
netic permeability is a single-valued function, and such a nonlinear response can 
support dark solitons as well, whereas for self-focusing dielectric, and ft, > 1, no 
solitons can exist. Thus, in the composite with self-defocusing dielectric, depending 
on the frequency of the electromagnetic field, either bright or dark TM solitons can 
exist.
2.4.2 TE-polarized solitons
The TE-polarized waves are described by one component of the electric field 
and two components of the magnetic field. For such waves, magnetic permeability 
depends on two components of the magnetic field and the analysis of localized modes 
becomes more involved.
We look for the waves propagating in the z—direction,
E = y 0Eeiut~ihz,H =  (x0Hx +  ,
where (x0, yo; zo) are the unit vectors, and E , Hx, and Hz are scalar real amplitudes 
of the fields. A constant phase difference between the components E  and Hz is 
assumed, and no energy flow in the ^-direction occurs. Spatial distribution of the 
magnetic field in a soliton is described by a system of coupled equations,
( f f 2 ) -  T '2! # * / ' ) ' ,  
dHx 72M(g2) + Q ^ ( g 2) - 7 2]
dx [7/x(tf2) + 7«l ’ ’
where £ =  2H%g'{H2), H 2 =  H2 + H 2. We analyze Eqs. (2.31) on the plane ( i /x, Hz), 
as shown in Fig. 2.17.
Similar to the TM-polarized waves, the phase trajectory on the plane (Hx, Hz) is 
defined by a particular branch of the multi-valued nonlinear magnetic permeability. 
Near the origin (0,0), the phase trajectory is defined by the solid branch of the 
magnetic permeability [see Fig. 2.14(inset)]. In general, the phase diagram has three 
equilibrium states, which are similar to those described above for the TM-polarized 
waves. A singularity curve (thick solid line) is defined by the vanishing denominator 
in the second equation of Eqs. (2.31). The phase trajectories represented by dotted 
curves change their direction when they cross the singularity line.
For a homogeneous structure with the nonlinear magnetic permeability shown 
by a solid curve in Fig. 2.14(inset), the separatrix curve on the phase plane of 
Fig. 2.17 describes the fundamental two-component TE-polarized spatial solitons 
with a smooth envelope. However, there exist more complex TE-polarized solitons, 
and such solitons include effective domains with different values of the multi-valued 
magnetic permeability. At the boundaries of the domains, both the fields Hx and 
Hz/ g  should be continuous. As a result, the phase trajectories describing the TE- 
polarized solitons with such domains will be discontinuous on the plane (HX, HZ).
2.5 C onclusions 43
___
- 0.001
£  -0.002
£  - 0.003
- 0.004
\  : /
- 0.005
Normalized propagation constant
Figure 2.18: Energy flow of the fundamental soliton (solid) and two soli- 
tons with a single domain (dashed and dotted). Solitons characterized by 
the dashed curves (left inset) have a single domain (shaded) with magnetic 
permeability described by the dashed curve in Fig. 2.14(inset). Solitons char-
acterized by the dotted curves (right inset) have a domain (shaded) with 
magnetic permeability described by the dotted curve in Fig. 2.14(a, inset). 
Examples show the profiles of the components Hx (solid) and Hz (dashed) in 
the TE soliton.
In Fig. 2.18, we show the energy flow for the family of the fundamental solitons 
and two types of solitons with a single domain, as the functions of the normalized 
propagation constant 7 . Example of the solitons presented here correspond to a 
symmetric dependence of the ^-component of the magnetic field; however, both 
antisymmetric and asymmetric TE-polarized solitons can exist in the structure as 
well.
2.5 Conclusions
We have discussed the novel properties of left-handed metamaterials associated 
with their nonlinear resonant response. For the case of harmonic fields, we have 
calculated the effective magnetic permeability and the effective dielectric permit-
tivity of microstructured materials consisting of rods and split-ring resonators, and 
predicted the hysteresis-like dependence of the nonlinear magnetic permeability as 
a function of the applied magnetic field.
We have analyzed the effect of disorder in composite structures which exhibit 
left-handed properties. In particular, we have studied how random variation of the 
SRR eigenfrequencies in the structure can change the existence of the frequency 
domain where the effective dielectric permittivity and magnetic permeability are 
both negative. We have demonstrated that even relatively weak disorder in the SRR 
parameters can result in a dramatic reduction of the size of the left-handed frequency
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domain. More importantly, above a certain threshold value of this disorder, the left- 
handed frequency domain can disappear completely. We believe our result provides 
a useful guide for the design of novel types of metamaterials operating for shorter 
wavelengths where the effect of disorder is expected to be crucially important.
Using finite-difference time-domain numerical simulations, we have studied the 
temporal dynamics of wave reflection from a slab of nonlinear metamaterial and 
found it to be consistent with our theory. We have studied the spatiotemporal dy-
namics of wave scattering by a slab of nonlinear metamaterial and observed two 
types of nonlinear effects associated with a change of the metamaterial proper-
ties: (i) nonlinearity-induced suppression of the wave transmission, and (ii) the 
nonlinearity-induced transmission and the generation of spatiotemporal electromag-
netic solitons.
Finally, we have analyzed both TE- and TM-polarized self-trapped nonlinear lo-
calized beams -  spatial electromagnetic solitons -  in left-handed metamaterials with 
nonlinear resonant response. We have revealed the existence of novel types of spatial 
solitons supported by a hysteresis-type magnetic nonlinearity and the domains with 
different values of magnetic permeability. Such solitons can have symmetric, anti-
symmetric, or asymmetric profiles. We believe that similar solitons can be found 
in other types of complex nonlinear materials with left-handed properties or the 
frequency-dependent domains corresponding to negative refraction.
CHAPTER 3
Guided waves in planar structures with 
left-handed materials
In this chapter, we will discuss the wave guiding properties of various structures 
composed of left-handed metamaterials. First, in the Sec. 3.2, we consider a single 
interface between a LHM and a conventional dielectric and study the possibility 
of linear wave guiding. Then, we study nonlinear surface waves in Sec. 3.3 for 
different combinations of the linear and nonlinear LH and RH materials. In Sec. 3.4 
we analyze the temporal dynamics of pulses propagating along the interface and 
predict the existence of surface polariton solitons. We study the guided waves in 
a slab waveguide made of LHM with a linear and nonlinear dielectric cladding 
in Sec. 3.5. Throughout this chapter, we compare the properties of structures 
containing LHM, with those made from conventional dielectrics and show the unique 
properties introduced by LH metamaterials.
3.1 Introduction
We study both linear and nonlinear surface waves localized at the interface sepa-
rating a left-handed medium and a conventional (or right-handed) dielectric medium. 
We demonstrate that the interface can support both TE- and TM-polarized surface 
waves-surface polaritons, and we study their properties. We describe the intensity- 
dependent properties of nonlinear surface waves in three different cases, i.e. when 
both the LH and RH media are nonlinear and when either of the media is nonlinear. 
In the case when both media are nonlinear, we find two types of nonlinear surface 
waves, one with the maximum amplitude at the interface, and the other one with 
two humps. In the case when one medium is nonlinear, only one type of surface 
wave exists, which has the maximum electric field at the interface, unlike waves 
in right-handed materials where the surface-wave maximum is usually shifted into 
a self-focussing nonlinear medium. We discuss the possibility of tuning the wave 
group velocity in both the linear and nonlinear cases, and show that group-velocity 
dispersion, which leads to pulse broadening, can be balanced by the nonlinearity of 
the media, so resulting in soliton propagation.
LH materials have attracted attention not only due to their recent experimental 
realization and a number of unusual properties observed in experiment, but also
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due to the expanding debates on the use of a slab of a LH metamaterial as a perfect 
lens for focusing both propagating and evanescent waves [27]. The concept of a 
perfect lens was first introduced by Pendry [26], who suggested the idea that a slab 
of a lossless negative-refraction material can be used for creating a perfect image 
of a point source. Although the concept of a perfect lens is a result of an ideal 
theoretical model employed in the analysis [26], the resolution limit of a LH slab 
was shown to be independent of the wavelength of the electromagnetic wave (but can 
be determined by other factors including losses, spatial dispersion, and others), so 
that the resolution can be indeed much better than the resolution of a conventional 
lens [96]. We will discuss the possibilities of the unusual wave focusing in the Sec. 5.
In this section, we present a comprehensive study of the properties of both linear 
and nonlinear surface waves at the interface between semi-infinite materials of two 
types, left- and right-handed ones, and demonstrate a number of unique features of 
surface waves in LH materials. In particular, we show the existence of surface waves 
of both TE and TM polarizations, a specific feature of the RH/LH interfaces. We 
study in detail TE-polarized nonlinear surface waves and suggest an efficient way for 
engineering the group velocity of surface waves using the nonlinearity of the media. 
The dispersion broadening of the pulse can be compensated by the nonlinearity, 
thus leading to the formation of surface-polariton solitons at the RH/LH interfaces 
with a distinctive vortex-like structure of the energy flow. We must note here, that 
the presented study is based on the effective medium approximation discussed in 
Chapter 2, which treats the LH materials as homogeneous and isotropic. It can 
be applied to the manufactured metamaterials, which possess negative dielectric 
permittivity and negative permeability in the microwave frequency range, when 
the characteristic scale of the variation of the electromagnetic field (e.g., the field 
decay length and the wavelength of radiation) is much higher than the period of 
the metamaterial. The possibility of preparing isotropic LH materials was studied 
in [62], where the isotropy of the composite in 2D has been shown. To obtain a 
negative-refraction material in optics it is suggested that metallic nanowires are 
used Ref. [119]. In addition, we note that losses are an intrinsic feature of LHMs. 
However, the study of the effect of losses on the guided waves is not in the scope of 
the present work. We note that some preliminary studies related to the analysis of 
the dispersion properties of modes localized at a single interface or in a slab of LH 
material have been made in Refs. [51, 53, 120, 121].
The section is organized as follows. In Sec. 3.2 we study the properties of surface 
waves in the linear regime. We consider the most general case of an interface between 
linear RH and LH media, and present a classification of TE- and TM-polarized 
surface waves localized at the interface. Section 3.3 is devoted to the study of 
the structure and general properties of nonlinear surface waves. We describe the 
intensity-dependent properties of TE-polarized surface waves in three possible cases. 
In the first case, we assume that both the LH and RH media are nonlinear. In 
the second case, the LH medium is nonlinear, but the RH medium is assumed to 
be linear. In the third case, the RH medium is considered to be nonlinear while 
the LH medium remains linear. In all these cases, we take the nonlinear medium 
to have an intensity-dependent Kerr-like dielectric permittivity. In Section 3.3.4,
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we study the frequency dispersion of nonlinear surface waves. In particular, we 
demonstrate that the group velocity of surface waves can effectively be engineered 
by using the intensity-dependent dispersion. A detailed analysis is carried out for the 
example of nonlinear RH and linear LH media. Finally, in section 3.4 we describe 
the properties of nonlinear localized modes propagating along the interface, and 
predict the existence of surface polariton solitons.
3.2 Linear surface waves
3.2.1 Model
Linear surface waves are known to exist, under certain special conditions, at 
an interface separating two different isotropic dielectric media. In particular, the 
existence of TM-polarized surface waves requires that the dielectric constants of two 
dielectric materials separated by an interface have different signs, whilst for TE- 
polarized waves the magnetic permeability of the materials should be of different 
signs (see, e.g. Ref. [122, 123] and references therein). Materials with negative e are 
readily available (e.g., metals excited below a critical frequency), whilst materials 
with negative fi were not known until recently. This explains why only TM-polarized 
surface waves have been of interest over the last few decades.
In this section, we consider an interface between the RH (medium 1) and LH 
(medium 2) semi-infinite media, as shown in the inset of Fig. 3.1. The propagation of 
monochromatic waves with the frequency l j is governed by the scalar wave equation, 
which for the case of the TE waves is written for the w-component of the electric 
field,
d2 d2 u 2 , 1 dfi(x) d
J W  + dx? + ~  ß(x) dx ~d~x
In the case of the TM waves, the scalar wave equations is written for the y- 
component of magnetic field,
d2 d2 cj2 1 de(x) d
d ?  + dx^+ dx 0 . (3.2)
In Eqs. (3.1) and (3.2), the functions e(x) and ß(x) are dielectric permittivity and 
magnetic permeability in a bulk medium, respectively; uj is the angular wave fre-
quency, and c is the speed of light in vacuum. The nonzero components of the 
magnetic field and of the electric field are found from the Maxwell’s equations, i.e. 
for TE waves
and for TM waves
E,  =
ic dEy t j  _ dEy (3.3)
LJfl dx 1 Q 1Lo/a oz
ic dHy V _  icdHy (3.4)
LJ6 8x J~'x £5 ’cue oz
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respectively. For the piecewise linear medium, the equations (3.1) and (3.2) can be 
rewritten for each of the media in the following form:
for the TM waves. Unlike initial Eqs. (3.1) and (3.2), the last two equations do 
not completely describe our system, but require the boundary conditions for the 
continuity of the tangential components of the electric and magnetic field at the 
interfaces, which can be obtained from the initial Eqs. (3.1) and (3.2).
Solutions of Eqs. (3.5) and (3.6) in each linear medium for localized modes, i.e. 
those propagating along the interface and decaying in transverse direction, have the 
form
where A0 is the wave amplitude at the interface, h is a propagation constant,
is the transverse wave number, which characterizes the inverse decay length of the 
surface wave in the corresponding medium.
As it was mentioned above, it follows from Eqs. (3.1) and (3.2) that the tan-
gential components of the electric and magnetic fields change continuously at the
for the cases of the TE- and TM-polarized surface waves, respectively.
3.2.2 Properties of surface waves
For the analysis presented below, it is convenient to rewrite the dispersion rela-
tions (3.8) and (3.9) in the following form,
d2 d2 u 2 1
ä?  + W  + ^ ei'2Ml’2 E v ~ ° ’dz2 dx2 (3.5)
for the TE waves, and
’ d2 d2 uj2 1
a ?  + ä ?  + d̂ 1'2 H» ~ 0'dz2 dx2 (3.6)
(Ey,Hy) = Aaeih‘-*lM (3.7)
interface between two media. These conditions give the dispersion relations for 
surface waves [51],
(3.8)
Ml M2
(3.9)
^1 e 2
(3.10)
and
(3.11)
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Figure 3.1: Existence regions of surface waves on the parameter plane (X, Y),  
where X  — |e2|/ei and Y  — |/X2 1/Mi- The inset shows the problem geometry.
e =3.5
Figure 3.2: Dispersion curves of the TE-polarized surface waves, for different 
values of ei, shown for the normalized values ü  = u /u p are h = hc/up. 
Dotted curves marks the dependence h = üy/e2/r2. Dashed line is the critical 
frequency to 1 .
respectively, where we introduced the dimensionless normalized ratios X  =  |e2|/ei 
and Y  =  |/ 2̂ 1 / / î which characterize the relative properties of the media creating 
the interface. The existence regions for surface waves can be determined from the 
condition of surface wave localization, i.e. when the transverse wave numbers « i>2 
are real, h > m a x ju ^ /q /c , we2/r2/c}. Existence regions for both polarizations of 
surface wave are presented on the parameter plane (X, Y) in Fig. 3.1. Along with 
the polarization, we determine the type of the wave as forward or backward, as 
discussed below in Sec. 3.2.3. We note that there exist no regions where both TE- 
and TM-polarized waves co-exist simultaneously, but both types of surface wave 
can be supported by the same interface for different parameters, e.g. for different 
frequencies.
One of the distinctive properties of the LH materials, which has been demon-
strated experimentally is their specific frequency dispersion. To study the dispersion
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of the corresponding surface waves, it is necessary to select a particular form of the 
frequency dependence of the dielectric permittivity and magnetic permeability of 
the LH medium. A negative dielectric permittivity is selected in the form of the 
commonly used function for plasmon investigations [123] and a negative permeabil-
ity is constructed in an analogous form (see, e.g. Ref. [51]), i.e.
c j2 Fu?
«*(<*>) =  1 -  - f ,  f t M  = 1 -  -------- 3, (3.12)ur c*r — LJ“
where losses are neglected, and the values of the parameters cjp, u r, and F  are chosen 
to fit approximately to the experimental data [61]: ujp/ 2n = 10 GHz, ujr/ 27t =  
4 GHz, and F = 0.56. For this set of parameters, the region in which permittivity 
and permeability are simultaneously negative is from 4 GHz to 6 GHz.
The dispersion curves of the TE-polarized surface wave (or surface polariton) 
calculated with the help of Eq. (3.12) are depicted in Fig. 3.2 on the plane of the 
normalized parameters Q — cj/uip and h = hc/ujp. We note that the structure of 
the dispersion curves for surface waves depends on the relation between the values 
of the dielectric permittivities of the two media at the characteristic frequency, 
uq, at which the absolute values of magnetic permeabilities of two media coincide, 
Mi — |M2 (^ i )|- The corresponding curve in Fig. 3.2 is monotonically decreasing for 
ei > 162(^1)I, but it is monotonically increasing otherwise, i.e. for < |e2(uq)|. 
Only the first case was identified in the previous analysis reported in Ref. [51]. The 
change of the slope of the curve (the slope of the dispersion curve represents the 
group velocity) with the variation of the dielectric permittivity of the RH medium 
can be used for group velocity engineering, which we discuss in Sec. 3.3.4.
The critical value of dielectric permittivity |e2(uq)| for the case of a nonmagnetic 
RH medium (/ii — 1) is found from the dispersion relations (3.8) and (3.12), and it 
has the form
= l«2M| = (x -  f ) ( ^ )  -  1 (3-13)
For the parameters specified above, this critical value is ec = 3.5.
The change of the dispersion curve from monotonically increasing to monoton-
ically decreasing, shown in Fig. 3.2, is connected with a change in the direction of 
the total power flow in the wave, as discussed below.
3.2.3 Energy flow near the interface
The energy flow is described by the Poynting vector, which defines the energy 
density flux averaged over the period T  = 2n/u,  and can be written in the form
S =  M r * [E x H*], (3.14)
87T
where E, H are the complex envelopes of the electric field and magnetic field of a 
surface wave, respectively, and the asterisk stands for the complex conjugation.
A uniform surface wave propagating along the interface has only one non-zero 
component of the averaged Poynting vector, |S| =  \SZ\. The energy flux in the
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RH and LH media is an integral of the Poynting vector over the corresponding 
semi-infinite spatial region,
Pi = Sz dz =
Bh
«1
1/Hi] for TE, 
l/e\] for TM, (3.15)
P2 = Sz dz = —
K2
1/H2] for TE, 
1/^2; for TM, (3.16)
where the constant B = c2AI/16 t t uj. We note that the electromagnetic energy flow 
is in opposite directions at either side of the interface, as was also predicted in [122] 
for TM polarized waves. The total energy flux in the forward ^-direction is defined 
as the sum, P = Pi + P2, and it is found as
P = n _  Bhu2em  J (1 + Y2) /  [Y((iiKi ~ M2«2)], 
Ki K2c2 \  (1 + X 2) /  [X(eiKi — €2̂ 2)] 5 (3.17)
for the TE and TM waves, respectively. The total energy flux is positive for X Y  < 1, 
and negative for X Y  > 1. The surface waves are forward or backward, respectively. 
The corresponding types of surface waves determined from this analysis are labeled 
in Fig. 3.1.
3.3 Nonlinear surface waves
3.3.1 Nonlinear LH/RH interface
Nonlinear surface waves at an interface separating two conventional dielectric 
media have been analyzed extensively for several decades starting from the pio-
neering paper [124]. In brief, one of the major findings of those studies is that 
the TE-polarized surface waves can exist at the interface separating two RH media 
provided that at least one of these is nonlinear, but that no surface waves exist in 
the linear limit.
In this section, we study TE-polarized nonlinear surface waves assuming that 
both media are nonlinear, i.e. they display a Kerr-type nonlinearity in their dielec-
tric properties, namely
= ei,2 + &i ,2\E\2 , (3.18)
where the first term characterizes the linear properties, i.e. those in the limit of 
vanishing wave amplitude.
First, we should mention that our study of nonlinear properties of metallic com-
posites predicted in Sec. 2.1.2 suggested the possibility of hysteresis-type nonlinear 
effects in a structure consisting of arrays of split-ring resonators (SRRs) and wires 
embedded in a nonlinear dielectric medium. Such effects can also be caused by a 
nonlinear dielectric material placed in the slits of the SRRs, which results in an 
intensity-dependent capacitance of the slit. These hysteresis effects can be avoided 
if the structure is filled by a nonlinear dielectric material except in the SRR slits.
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In what follows, we consider such composite structures for which the nonlinear 
properties can be characterized by Eq. (3.18) valid far from the resonances.
For a conventional (or right-handed) dielectric medium, positive aq corresponds 
to a self-focusing nonlinear material, whilst negative on characterizes defocusing 
effects in the beam propagation. However, this classification becomes reversed in 
the case of LH materials and, for example, a self-focusing LH medium corresponds 
to negative a 2. Indeed, taking into account relation (3.18), we rewrite Eq. (3.1) for 
the case of the TE-polarized wave in nonlinear media as follows,
S  +  (3.19)
According to Eq. (3.19), the sign of the product pa  determines the type of nonlinear 
self-action effects which occur. Therefore, in a LH medium with negative p 2 all 
nonlinear effects are opposite to those in RH media with positive pi, for the same 
a. Below, we assume for definiteness that both LH and RH materials possess self- 
focusing properties, i.e. oq > 0 and a 2 < 0.
We look for the stationary solutions of Eq. (3.19) in the form E it2(x ,z ) = 
'Ll,2M exp (ihz). Then, the profiles of the spatially localized wave envelopes \Li ,2(x ) 
are found as [125]
^1,2(2) =  2/ c h ,2P1,2) sech [771,2 (x -  X i,2)] , (3.20)
where 771,2 =  Ki ,2c / lo are normalized transverse wave numbers, Xi,2 are centers of 
the sech-functions which should be chosen to satisfy the continuity of the tangential 
components of the electric and magnetic fields at the interface. These conditions 
can be presented in the form of two transcendental equations,
tanh2 (7712:1) /  _ o w ? |\  /  _ aip2\  1
V Oi2p2r)\) V a 2jUi/
(3.21)
and
— tanh (772X2) = — tanh (771X1). (3.22)
P2 Pi
Note, that if the parameters (xi, x2) correspond to one of the solutions of the equa-
tion, then (—xi, —x2) gives another solution. Two waves described by these solutions 
have the same wave number, but they correspond to different transverse structures 
of the surface wave, one of which has a maximum of the intensity at the interface, 
and the other one that has two humps shifted into the media.
In a degenerate case, when (aq ,//i,e i) =  ( |a 2| , \p2\ , |e21), the system has an 
infinite number of solutions. Indeed, any (x, —x) pair will describe a stationary 
solution for the surface wave. Such waves have a zero total energy flux because of 
the symmetry of the solution.
The energy flow in this wave can be written in the form
P = Pol r]\a2p 2 r?2a xp \ p2 pi
(1 — ~2-P2 \  tanh (771X1)V OLiPx) (3.23)
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Figure 3.3: Normalized energy flux vs. normalized wavenumber 7 = hc/co 
for the nonlinear surface waves in two cases: (a) X Y  < 1, Y  > 1, and (b) 
X Y  > 1, y  < 1. Solid curve corresponds to a one-humped structure, dashed-  
double-humped structure. The insets shows the structure of the surface waves 
at the points indicated by arrows. Dotted lines denote the linear surface wave 
wavenumber.
where P0 =  c2/ 47TLoa2ii2, and 7 =  he/u  is the normalized wave number. We now 
consider the surface waves in the non-degenerate case when only a  1 =  |a 2|. The 
dependence of the normalized energy flux P/Po on the parameter 7 is shown in 
Fig. 3.3 for the cases when linear waves are forward or backward, respectively. 
Corresponding transverse wave structures are shown in the insets.
The linear limit corresponds to the case P  —> 0 when 27 —> +00 and x 2 —> —00. 
Moving along the curves, the centers of the sech-functions move toward the interface 
and at the point with dP/d'y = 00, 27 = x 2 = 0, and from that point along 
the dashed line X\ —> —00,2:2 —> +00, thus revealing the two-humped transverse 
structure of the surface wave. Note that the forward (backward) wave in the linear
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case remains forward (backward) in the nonlinear case, i.e. the type of the mode 
is determined by the linear parameters of the system and can be found using the 
diagram in Fig. 3.1.
3.3.2 Nonlinear LH/linear RH interface
Next, we consider surface waves propagating along an interface between a linear 
RH and a nonlinear LH media (see the inset in Fig. 3.4) having a nonlinear coef-
ficient a 2 which is negative and, thus, displaying the self-focusing properties. The 
transverse structure of the stationary surface wave has the form:
where E0 and x 0 are two parameters which should be determined from the continuity 
conditions at the interface for the tangential components of the electric and magnetic 
fields,
Analyzing the relations (3.25), we find that a surface wave always has the maximum 
of field intensity at the interface. This is in a sharp contrast to the nonlinear surface 
waves excited at the interface separating two RH media, when the electric field has 
maximum shifted into a self-focusing nonlinear medium [126].
The corresponding nonlinear dispersion relation of the surface waves is found in 
the form
where A\ — E o(a ip i/2 )1̂ 2 is the normalized electric field amplitude at the interface. 
Equation (3.26) reduces to the linear dispersion relation (3.8) in the small-amplitude 
limit, i.e. when A\ —> 0.
The energy flux P  associated with the nonlinear surface wave can be calculated 
in the form
where Pq is defined above.
As an example, we consider the case X Y  < 1 for which, as we have shown 
above, only forward surface waves can exist at the interface between two linear 
media. However, nonlinear surface waves can be either forward or backward, as 
demonstrated in Fig. 3.4. For Y  < 1, there exists no linear limit for the existence of 
the surface waves, while in the other two regions the results for linear surface waves 
are recovered in the limit P  —■» 0. The point on the curve corresponding to P = 0 
in the case Y  < 1 describes the wave of finite amplitude in which the energy flows 
on the two sides of the interface are balanced. Such a wave does not exist in the 
linear limit.
(3.24)
tanh (772̂ 0) =  ^2^71/(^1772), 
E0 = {2/a2/a2)l/2r]2sech{r]2x 0). (3.25)
(3.26)
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Linear limit
Y
Figure 3.4: Normalized energy flux vs. normalized wavenumber 7  = hc/u for 
the nonlinear surface waves at the nonlinear LH/Linear RH interface. Surface 
waves can be both forward (positive energy flux) and backward (negative en-
ergy flux). The inset shows the geometry of the problem. The solid line shows 
the transverse wave profile, dotted line shows the continuation of the solution 
in nonlinear medium (3.24) to the linear medium, dashed line indicates the 
position of the center xq of the sech - function.
3.3.3 Linear LH/nonlinear RH interface
Finally, we consider the case when the LH material is linear, while the RH 
medium is nonlinear. In such a geometry, the dispersion relation for the TE- 
polarized waves has the form
M2 m 
M 2 Mi
=  0 , (3.27)
where A2 =  E0^/o2M2 / 2  is the normalized amplitude of the electric field at the 
interface.
The dependence of the normalized energy flux on the wave number of the surface 
wave is shown in Fig. 3.5 for X Y  > 1. In contrast to the linear waves, the nonlinear 
surface waves can be either forward or backward (see Fig. 3.1). In analogy with the 
case Y  < 1 for the nonlinear LH/linear RH interface, it can be shown that there 
exists no small-amplitude limit for the nonlinear surface waves for Y  > 1 . For 
X Y  < 1 only forward traveling waves exist when Y  > 1 , reproducing the property 
of the corresponding linear waves.
3.3.4 Frequency dispersion of nonlinear surface waves
We have demonstrated in Sec. 3.2.2 that the frequency dispersion of surface 
waves depends on the dielectric permittivity of the RH medium (see Fig. 3.2). 
These results suggest that the dispersion type can be switched between normal and 
anomalous if the RH medium is nonlinear.
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Figure 3.5: Normalized energy flux vs normalized wavenumber 7  =  hc/u  for 
the nonlinear surface waves at the linear LH/nonlinear RH interface. Surface 
waves can be either forward (positive energy flux) or backward (negative 
energy flux). The inset shows the geometry of the problem.
To dem onstrate  th is effect, we study  the  properties of nonlinear surface waves 
near the  critical point and select e\ =  3.4, in order to  stay  ju st below the  critical 
value ec corresponding to  the  linear case. It should be m entioned here th a t  although 
th e  negative perm eability  of the  LH com posite m aterial is necessary for the  exis-
tence of T E  surface waves in th e  present model, it has been shown [127] th a t  T E  
surface waves do exist a t the  interface between a RH nonlinear p lasm a and a RH 
nonlinear dielectric m edium  w ith a constant zero-field perm ittiv ity , provided th a t 
the  nonlinear param eter in the  plasm a exceeds th a t  in the  dielectric medium. In 
th a t  case, since p = 1 in both  m edia, it has also been shown [127] th a t  the  relation 
for wave intensity  a t th e  boundary  and the  frequency are independent of the  wave 
num ber. In the  present case, where the  LH com posite m aterial has a  perm eability 
not equal to  unity, th is result is no longer valid. In our problem , Eq. (3.27) provides 
a dependence betw een the  th ree  variables h, A 2 and cu, so th a t  the  wave intensity 
a t the  boundary  depends on bo th  h and  uj .
As was shown for the  case of linear surface waves, a change of the  slope of the  
dispersion curve takes place a t th e  critical value of dielectric perm ittiv ity  of the  RH 
m edium  (3.13). In the  nonlinear case, th e  dielectric perm ittiv ity  of th e  RH medium  
depends on the  field in tensity  and, in particu lar, it exceeds the  critical value when 
th e  wave am plitude A 2 becomes larger th an  the  threshold  value A 2c given by the 
equation
For the  m edia param eters corresponding to  Fig. 3.2, equation (3.28) gives: A 2c = 
0.3162. Figure 3.6 shows the  dispersion curves for th ree  different wave am plitudes. 
As was shown in Sec. 3.2.2, the  frequency dispersion is norm al for th e  wave am pli-
tudes below the  critical value (3.28), and it is negative, otherwise. One can also 
notice from Fig. 3.6 th a t  the  existence region for surface waves depends on the  wave
(3.28)
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Figure 3.6: Normalized frequency vs. normalized wave number for different 
values of the amplitude A 2. Dashed line corresponds to the line uq in Fig. 3.2; 
dotted line is 772 =  0.
amplitude A2. In Fig. 3.7 we present this region of wave existence on the plane of 
the wave amplitude and normalized frequency. The existence region of the back-
ward surface waves below the critical value collapses at A 2c, and it expands in the 
region of the forward surface waves above the threshold. Note, that the forward 
and backward waves exist at different frequencies only.
The existence regions of the surface wave can be explained from the viewpoint 
of the physics of wave localization. The wave localization is determined by the 
normalized transverse wavenumbers 771,2 , which define the inverse decay length of 
the surface wave in the corresponding medium. The conditions 771 =  0 and t)2 — 0 
correspond to the delocalized waves, and determine the boundary of the existence 
region. Figure 3.8 shows the dependence of the normalized wave number on the 
wave amplitude for different frequencies. These curves represent the horizontal 
cross-sections of the region of the wave existence shown in Fig. 3.7. The dashed 
line in Fig. 3.8 shows the boundary of localization of the wave in the LH material. 
Comparing Fig. 3.8 and Fig. 3.7, we come to the conclusion that in Fig. 3.7 the 
upper boundary for the existence of the forward waves (below A 2c)  and the lower 
boundary for the backward wave existence (above A2c) are determined by the wave 
localization in the LH material.
The power flow in the linear LH composite medium is given by the result
=  ^  E2,
fl2 Tj2 ° ’
(3.29)
and, using the boundary value technique [126], the power flow in the nonlinear 
half-space (RH medium) can be obtained in the following form
Pi =
2cz 7
Aircufilai
(3.30)
We note here that, although the nonlinear coefficient aq appears as a factor in the 
denominator of Eq. (3.30), the reduction to the linear case (when aq —> 0) can
58 G u ided  w aves in p lanar s tru c tu re s  w ith  le ft-h an ded  m ateria ls
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Figure 3.7: Existence region of nonlinear surface waves (shaded). The curves 
show the amplitude A2 vs. normalized frequency, for different values of the 
normalized wave number (marked at the curves). All curves intersect at the 
critical point A2 = A2C-
0.4715
0.470
0.472
A„ 0.4
Figure 3.8: Normalized wave number vs. normalized field amplitude A2, for 
different frequencies. Dashed line is rj2 = 0. The curves on the left of A ĉ meet 
the wave number axis at the values corresponding to the linear case. There 
exist no linear solutions to the right of the critical vertical line A2 — A2C
be performed in a 
follows,
straightforward way by expanding Eq. (3.30)
Pi
2c 7
A t TU)Ii \ o Li
E 20a  1 
4 c2r/i + 0{a\)
as for small oq as
(3.31)
i.e.
Pi =
c2 7
167ro;/ri7i
E20 +O(a1), (3.32)
which has the same form as Eq. (3.29).
The absolute value of the ratio of the power flow in the RH nonlinear medium 
to the power flow in the LH composite medium is depicted in Fig. 3.9. Above the 
critical value Ac, there exists a value of the wave number at which the power flow 
is positive. In this region, there exists a forward traveling surface wave. Note that
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Figure 3.9: The absolute value of the ratio of the power flow in the nonlinear 
dielectric to that in the LH material. Above the critical value Ac, the power 
flow in the nonlinear half-space dominates giving a forward traveling wave. 
As k 2 approaches zero towards the left-hand side of the curves, the power in 
the left-handed medium dominates.
no matter what the value of the field intensity at the boundary is, there always 
exists some value of the wave number where the flow is negative and there exists 
a backward traveling surface wave. This can be seen by reference to Eq. (3.29). 
The presence of 772 in the denominator of Eq. (3.29) means that as h approaches a 
value that makes 772 =  0 (i.e. a dispersion curve in Fig. 3.6 approaches the dashed 
line) the negative power flow in the LH material dominates the total power flow. 
Conversely, as 772 increases from zero, the negative power flow in the LH medium 
decreases so that, provided the intensity of the electric field at the boundary is high 
enough, the positive power flow in the nonlinear dielectric dominates.
3.4 Nonlinear pulse propagation and surface-wave solitons
3.4.1 Envelope equation
Propagation of pulses along the interface between RH and LH media is of par-
ticular interest, since it was shown before [122] for TM modes that the energy fluxes 
are directed oppositely at either side of the interface. Therefore, we can expect that 
the energy flow in a pulse with finite temporal and spatial dimension has a nontriv-
ial form [121] and, in particular, it can be associated with a vortex-like structure of 
the energy flow.
We analyze the structure of surface waves of both temporal and spatial finite 
extent that can exist in such geometry. To obtain the equation describing the pulse 
propagation along the interface, we look for the structure of a broad electromagnetic 
pulse with carrier frequency cj0 described by an asymptotic multi-scale expansion 
with the main terms of the general form
T(z, x, t) = elhoZ luJot ['Fo(^)^l(^, t)
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+  ^2(2?» £» £) +  • • • (3.33)
where £ = z — vgt is the pulse coordinate in the reference frame moving with the 
group velocity vg =  dtu/dh, the field T stands for the components (Ey, HX, H Z) of a 
TE-polarized wave, the first term T 0 =  (Eyo, Hx0 , Hz0 ) describes the structure of the 
mode at the carrier frequency ujq, is the first-order term of the asymptotic series, 
which can be found as =  d^o/dh,  and T 2 is the second-order term. Here A  is 
the pulse envelope, h0 is the wave number corresponding to the carrier frequency ujq. 
Substituting Eq. (3.33) into Eq. (3.19) and using the Fredholm alternative theorem 
[128], one can obtain the equation for the evolution of the field envelope
where the coefficient 6 = d2uj/dh2 stands for the group-velocity dispersion (GVD) 
which determines the pulse broadening and can be calculated from the dispersion 
relations, u;2(/r) =  (dc j^ i /dA2) l^ o  is the effective nonlinear coefficient calculated 
with the help of the nonlinear dispersion relation. The NLS equation has a solution 
in the form of a bright soliton localized at the interface, provided the GVD (£) 
has the opposite sign to the sign of the nonlinear coefficient (o;2) (see, e.g., [117] 
and references therein). The existence of the surface polariton solitons has been 
predicted in a number of structures supporting nonlinear guided waves (see, e.g., 
Ref. [129] and references therein).
The effective nonlinear coefficient for the case of an interface between the non-
linear LH medium and the linear RH medium, can be found using Eq. (3.25),
The signs of the group velocity du/dh  and of the parameter S can be determined 
from the Fig. 3.2. As a result, for any reasonable values of dielectric permittivity 
and magnetic permeability of the RH medium, there exists a range of frequencies 
for which cj2 • 6 < 0, indicating the possibility of exciting surface polariton solitons.
To study the energy flow in such a surface-polariton soliton, we use the asymp-
totic expansions (3.33) for the field components, and from Eq. (3.14) we obtain the 
energy flow structure described by their components
dA 6 d2 A
dt  2 d£2
— cj2(/i ) I A 21A  — 0, (3.34)
a;2(/z) =
ci[i\K\K2U2 duj
(3.35)
4hc2(e2p2 ~  DMi) d h ‘
(3.36)
(3.37)
3.5 G u ided  waves in a L H  slab w aveguide 61
Figure 3.10: A vortex-like distribution of the Poynting vector in a surface 
wave soliton propagating along the LH/RH interface.
The structure of the Poynting vector in the surface-wave pulse is shown in Fig. 
(3.10), where it is clearly seen that the energy rotates in the localized region creating 
a vortex-type energy distribution in the wave. The difference between the Poynting 
vector \SZ\ integrated over the RH medium and that calculated for the LH medium 
determines the resulting group velocity of the surface wave packet.
We note the distinctive vortex-like structure of the surface waves at the interface 
separating RH and LH media follows because of the opposite signs of the dielectric 
permittivity for the TM-polarized waves and the magnetic permittivity for the TE- 
polarized waves. These conditions coincide with the conditions for the existence 
of the corresponding surface waves and, therefore, surface polaritons should always 
have such a distinctive vortex-like structure.
3.5 Guided waves in a LH slab waveguide
3.5.1 Linear guided waves
In this section, we study the structure and basic properties of electromagnetic 
waves guided by a left-handed waveguide. In order to emphasize the unusual and 
somewhat exotic properties of such waves, we compare them with the guided waves 
of conventional planar dielectric waveguides. We reveal that the guided modes in 
left-handed waveguides differ dramatically from conventional guided waves, and they 
possess a number of unusual properties, including the absence of the fundamental 
modes, double degeneracy of the modes, the sign-varying energy flux, etc. In par-
ticular, we predict the existence of novel types of guided waves with a dipole-vortex 
structure of the energy flux and the corresponding Pointing vector.
We consider a symmetric slab waveguide in a conventional planar geometry [see, 
e.g., the top left insert in Fig. 3.11(a)]. In the general case, a slab of the thickness 2L
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Figure 3.11: Comparison between the conventional (a) and left-handed
(b) guided modes of a slab waveguide. The dashed and solid curves corre-
spond to the left- and right-hand sides of the dispersion relations in Eqs. (3.41) 
and (3.42), respectively. Intersections of these curves indicate the existence of 
guided modes. Three dashed lines in each plot correspond to waveguides with 
different parameters p\ > p2 > P3 , but the fixed ratio p2/p\.  Inserts show 
the waveguide geometry, and the transverse profiles of the guided modes.
is made of a material with dielectric permittivity e2 and magnetic permeability p 2, 
which both can be negative or positive. We assume that the surrounding medium 
is right-handed, and is therefore characterized by both positive e\ and p\. It is 
well known that a slab waveguide made of a conventional (right-handed) dielectric 
material with e2 > 0 and p2 > 0 creates a non-leaky waveguide for electromagnetic 
waves, provided the refractive index of a slab is higher than that of the surrounding 
dielectric medium, i.e. e2p 2 > ei/ri- However, in the following we demonstrate that 
this simple criterion cannot be applied to the waveguides made of a left-handed 
material.
3.5.2 Dispersion of TE -polarized linear modes
To be specific, below we describe the properties of the TE guided modes in which 
the electric field E is polarized along the y axis. A similar analysis can be carried 
out for the TM modes. From Maxwell’s equations, it follows that stationary TE 
modes are described by the following scalar equation for the electric field E = E y,
d 2 d 2 Lo2
d? + W  +
1 dp d 
p(x) dx dx 0 ,
(3.38)
where lo is the angular frequency.
3.5 G u ided  waves in a LH  slab w aveguide 63
4.9
4.8 
I  4.7
O
o '  4.6 
§
O' 4.5
£
4.4
4.3
1 1.5 2
h(l/cm)
Figure 3.12: Frequency dispersion curves for the three lower-order guided 
modes of the left-handed slab waveguide (L = 2 cm). Insets show the char-
acteristic mode profiles.
The guided modes are stationary solutions of Eq. (3.38) of the form,
E(x,z) = E0(x)eihz,(3.39)
where real ft is the wave propagation constant and E 0(x) is the spatially localized 
transverse profile of the mode. Substituting Eq. (3.39) into Eq. (3.38), we obtain 
an eigenvalue problem that possesses spatially localized solutions for
u >2
k \ = h1 ---- yCiMi > 0) (3.40)cr
because only in this case the mode amplitude decays away from the waveguide, 
E q(x ) ~  exp(—|a:|«i).
We solve the eigenvalue problem in each of the homogeneous layers, and then 
employ the corresponding boundary conditions following from Eq. (3.38). As a 
result, we obtain the dispersion relations which define a set of allowed eigenvalues
f t,
(KlL) =  ± — (k2L)tan±1(fc2L), (3.41)
M2
where (+) and (—) correspond to the symmetric and antisymmetric guided modes, 
respectively, and /c2 =  [(c j2/ c2)c2/ /2 — ft2]1/2. When /c2 is real, the corresponding 
modes can be identified as “fast waves”, since their phase velocity u / h  is larger 
than the phase velocity in a homogeneous medium with the same e2 and /x2.
The parameter ft2 becomes purely imaginary for “slow waves” , when the prop-
agation constant ft exceeds a critical value; such waves resemble surface waves in 
metal films [130]. Then, it is convenient to present Eq. (3.41) in an equivalent form 
using /c2 =  z/c2,
(/■ciL) = — — (k 2L) tanh±1(/c2L). (3-42)
Following a standard analysis (see, e.g. Ref. [131]), we consider the parameter 
plane (ft2L ,/CiL), and also extend it by including the imaginary values of k2 using
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the auxiliary parameter plane (k 2L, « 1L). In Figs. 3.11(a,b), we plot the dependen-
cies described by the left-hand (dashed) and right-hand (solid) sides of Eqs. (3.41) 
and (3.42), using the parameter,
(«1L)2 +  (/c2L)2 =  L 2 (a;2/c 2) (e2p 2 -  ei/^i) =  P• (3.43)
In Figs. 3.11(a,b), (three dashed lines (l)-(3) correspond to different slab waveg-
uides having the same ratio p i /  P2 - The intersections of a dashed line with solid 
curves indicate the existence of solutions for guided modes. We present results for 
a conventional (right-handed) waveguide in Fig. 3.11(a), in order to compare them 
directly with the corresponding dependencies for a left-handed slab waveguide in 
Fig. 3.11(b).
First of all, the analysis of Eqs. (3.41) and (3.42) confirms the well-known result 
that a right-handed slab waveguide can only support “fast” guided modes, which 
exist when the waveguide core has a higher refractive index than its cladding, i.e. 
for e2 P2 > Ci p i . In this case, there always exists the fundamental guided mode, 
which profile does not contain zeros. The conventional waveguide can also support 
higher-order modes, their number depends on the value 2pl^2/n . These various 
regimes are illustrated in Fig. 3.11(a) by different dashed lines.
The properties of the left-handed slab waveguides are found to be very different. 
First, such waveguides can support “slow" modes, and they are either symmetric 
(node-less) or antisymmetric (one zero). Such solutions represent in-phase or out- 
of-phase bound states of surface modes, localized at two interfaces between right 
and left media. In the conventional case of both positive e and p, such surface 
waves do not exist, however they appear when the magnetic permeability changes 
its sign (for the TE polarization). Thus, the guided modes can be supported by 
both low-index and high-index left-handed slab waveguides.
Second, the conventional hierarchy of “fast” modes is removed. Specifically, 
(i) the fundamental node-less mode does not exist at all, (ii) the first-order mode 
exists only in a particular range of the parameter values p, and it always disappears 
in wide waveguides when p exceeds a critical value, and (iii) two modes having the 
same number of nodes can co-exist in the same waveguide. We illustrate some of 
these nontrivial features in Fig. 3.11(b).
Frequency dispersion of the guided waves in the left-handed waveguides should 
be studied by taking into account the dispersion of both e2 and p2, since this is an es-
sential property of such materials [2]. We follow Ref. [61] and consider the following 
frequency dependencies of the effective left-handed medium characteristics,
e2(uj) =  1 -  %  p2M  =  1 -----f r i - (3.44)or ur — Uq
where the parameters ujp/2 t i = 10 GHz, a;0/27r =  4 GHz, and F = 0.56. Our choice 
is motivated by the experimental results. The region of simultaneously negative 
permittivity and permeability in this case ranges from 4 GHz to 5 GHz. Dispersion 
curves for the first three guided modes in a slab waveguide with the thickness 
parameter L = 2 cm are shown in Fig. 3.12, where dashed curves correspond to
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Figure 3.13: Surface waves in a slab waveguide for the case e2^ 2  < ei/U and 
u2 < Shown are (a) the propagation constant and (b) the energy flux vs. 
the slab thickness parameter L. Solid and dashed lines correspond to strongly 
and weakly localized modes, respectively. Insets show the characteristic mode 
profiles.
“fast” modes, and solid -  to “slow” modes. We find that the fundamental “slow” 
mode exists only at higher frequencies, whereas the second-order fast mode appears 
at lower frequencies. Both modes can have either positive or negative group-velocity 
dispersion in different parameter regions. Properties of the first-order antisymmetric 
mode are different. The type of this mode seamlessly changes from “fast” to “slow” 
as the frequency grows. This transition occurs when the condition k2 = 0 is satisfied, 
which is a boundary separating the two types of modes, as shown in Fig. 3.12 by a 
dotted line. The high “fast” modes exists at the frequencies close to the resonance 
at uj = 4GHz.
3.5.3 Energy flow in a guided mode
In the left-handed materials, the electromagnetic waves are backward, since the 
energy flux and wave vector have opposite directions [2], whereas these vectors 
are parallel in conventional (right-handed) homogeneous materials. The energy 
flux is characterized by the Pointing vector averaged over the period T  = 2k / l j 
and defined as S = (c/87r)Re[E x H*]. A monochromatic guided mode has, by 
definition, a stationary transverse profile, and the averaged energy flux is directed 
along the waveguide only. It follows from Maxwell’s equations and Eq. (3.39) that 
the ^-component of the energy flux is, Sz = c2 hE^ /  87tuj fi(x).
The total power flux through the waveguide core and cladding can be found 
as P2 — f _ L Sz dx and P\ =  2 Sz dx , respectively. We find that the energy
flux distribution for the waves guided along the left-handed slab is rather unusual.
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Figure 3.14: Structure of the Pointing vector field in a localized surface wave 
propagating along a left-handed slab.
Indeed, the energy flux inside the slab (with fi < 0) is opposite to that in the 
surrounding medium (with p > 0). This occurs because the normalized wave vector 
component along the waveguide (h ) is fixed in a guided mode according to Eq. (3.39). 
Important information about the guided modes can be extracted from the study of 
the normalized energy flux P = (Pi +  P2)/( |P i| +  |P2|). This parameter is bounded, 
\P\ < 1, P —* 1 when the mode is weakly localized (|Pi| |P2|), whereas P  < 0
for modes which are highly confined inside the left-handed slab.
We have performed a detailed analysis of the slow guided modes and identified 
four distinct cases.
(i) e2p2 > eiPi, P 2 > ß\- Only odd mode exists below the threshold, p < ß \ / ß 2. 
The corresponding critical value of the slab thickness L below which the odd mode 
exists is found as
Lcr = - ----  ßl  (3.45)
w M2 V W 2 -  *ißi
The energy flux P  is positive for all values of L. The modes are forward propagating, 
i.e. the total energy flux along the waveguide is co-directed with the wavevector.
(ii) e2ß 2 > cißi, ß 2 < ßi- Even mode exists for all values of p; odd modes can 
appear only when a threshold parameter value is exceeded, p > p \ /p \ .  Accordingly, 
the critical value (3.45) determines the lower boundary of the existence region for 
odd modes. The total energy flux is negative for all L, and the modes are backward. 
The energy is mostly localized inside the slab.
(iii) C2ß 2 < ei/ii, P2 > ßi- Both odd and even modes exist at all values of p and 
L, and the modes are forward.
(iv) e2ß 2 < ei/ii, ß2 < ß\. Only even modes exist below the threshold value of p 
which can be found numerically using Eq. (3.42). Characteristic dependences of the 
wavenumber and normalized power on the slab width is shown in Figs. 3.13(a,b). 
At any slab thickness below a critical value, two modes always co-exist. One of 
the modes is forward and weakly localized, but the other one is backward and
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more confined. When the slab width approaches the critical value, the branches 
corresponding to different modes merge, and the energy flux vanishes. In this special 
case, the energy fluxes inside and outside the slab exactly compensate each other.
Since the energy fluxes are oppositely directed inside the guided modes, it might 
initially seem that such waves can only be sustained by two continuously operating 
emitters positioned at the opposite ends of the waveguide. Therefore, it is important 
to understand whether wave packets of finite temporal and spatial extension can 
exist in left-handed waveguides. We calculate the Pointing vector averaged over 
the period of the carrier frequency, and present the characteristic structure of the 
energy flow in Fig. 3.14. Due to the unique double-vortex structure of the energy 
flow, most of the energy remains inside the wave-packet, and it does not disintegrate. 
The group velocity is proportional to the total energy flux P , and it can therefore 
be made very small or even zero by a proper choice of the waveguide parameters 
as demonstrated above. On the other hand, the group-velocity dispersion, which 
determines the rate of pulse broadening, can also be controlled. This flexibility 
seems very promising for potential applications.
Finally, we notice that recent numerical simulations demonstrated that the phe-
nomenon of the negative refraction, similar to that found for the left-handed meta-
materials, can be observed in photonic crystals [93, 95, 96]. Although in this case the 
wavelength is of the order of the period of the dielectric structure (and, therefore, 
a simple analysis in terms of the effective medium approximation is not justified), 
we expect that similar mechanisms of wave localization will remain generally valid.
The study of linear waves of a LH slab waveguide in the previous section has 
shown some of their peculiar properties, such as the absence of the fundamental 
mode, mode double degeneracy, and the existence of both forward and backward 
waves. In this section, we study nonlinear guided modes in a waveguide formed 
by a slab of linear LHM embedded into a nonlinear dielectric, and we show that 
symmetric, antisymmetric, and asymmetric waves are supported by such a waveg-
uide. We study their properties and predict that in a nonlinear regime additional 
modes, which do not exist in linear problems, appear. We demonstrate that the 
propagation of the wavefronts (characterized by the phase velocity) with respect 
to the direction of the energy flow (Poynting vector) depends on the propagation 
constant, and the waves can be either forward or backward traveling, which is a 
distinct property of LH waveguides. We show that the type of the wave can be 
switched between forward and backward, varying the wave intensity.
3.5.4 Nonlinear guided waves in a LH slab waveguide
The study of linear waves of a LH slab waveguide [121] has shown some of their 
peculiar properties, such as the absence of the fundamental mode, mode double 
degeneracy, and the existence of both forward and backward waves. In this Section, 
we study nonlinear guided modes in a waveguide formed by a slab of linear LHM 
embedded into a nonlinear dielectric, and we show that symmetric, antisymmetric, 
and asymmetric waves are supported by such a waveguide. We study their properties 
and predict that in a nonlinear regime additional modes, which do not exist in
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linear problem, appear. We demonstrate that the propagation of the wavefronts 
(characterized by the phase velocity) with respect to the direction of the energy 
flow (Poynting vector) depends on the propagation constant, and the waves can be 
either forward or backward traveling, which is a distinct property of LH waveguides. 
We show that the type of the wave can be switched between forward and backward, 
varying the wave intensity.
To study nonlinear guided waves in a nonlinear waveguide, we consider a LH slab 
with real negative dielectric permittivity e2 and real negative magnetic permeability 
P2 surrounded by a nonlinear dielectric [see inset in Fig. 3.15(b)] with constant 
magnetic permeability pi  and dielectric permittivity ei, given by Eq. (3.18), which 
we rewrite here:
e id E I2) =  ei +  a |£ f .  (3.46)
We assume a > 0, which corresponds to the self-focusing nonlinear medium. As a 
nonlinear dielectric with strong nonlinearity at microwaves, one can suggest, e.g., 
n-InSb [105]. The waveguide is uniform along the y-axis. To be specific, we con-
sider TE-polarized guided waves, which are governed by the nonlinear Helmholtz 
equation (3.19)
A E y +  /cq6 (x , \Ey\2) fi (x) Ey =  0. (3-47)
The guided waves in a similar system, but with a conventional dielectric core, have 
been studied analytically in Ref. [132],
We look for stationary guided modes in the form E = ty(x) exp (ihz), where the 
transverse mode structure T(x) can be determined from the equation
^ J r  +  [kle (x, I'Ll2) p(x) -  h2] T =  0. (3.48)
We introduce the dimensionless variables (x \z ' )  = (k0x , k 0z), 7  =  h /k0, 'ip = 
'Fy/pict. For notational simplicity, we omit the primes below. In dimensionless 
variables, Eq. (3.48) can be rewritten in the form
+ [e2^ 2  -  72] tp = 0, \x\ < L,
+ [ei^i -  q2] ^  +  |^ |2̂  =  0, \x\ > L, (3.49)
where 2L is a dimensionless thickness of the slab. Equation (3.49) is symmetric 
with respect to the coordinate transformation x  —» —x  and to the transformation 
tp(x) —► —'tp(x). As a result, if the mode ip(x) is the solution of Eq. (3.49), then 
'ip(-x), —ip(x), and - ' ip(-x)  are also eigenmodes of the waveguide.
At this point, we separate the guided waves into fast and slow modes. The
fast modes have the phase velocity larger than the phase velocity of light in a
homogeneous medium of the core. For such modes, q 2 < 62 /̂ 2 , their localization 
is caused by the total internal reflection of light from the cladding, resembling 
localization of waves in a dielectric waveguide. For the slow modes, q 2 > e2/i2 , the 
wave guiding resembles localization of the surface waves.
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Solutions of Eq. (3.49) for guided modes can be found in the form
(3.50)
where k \ =  y2 — epLq, k\ =  e2/r2 — 72, and A , B , x  i ,x 2 are constants determined from 
continuity of the tangential components of the electric and magnetic fields at the 
interfaces, where x = —L and x = L. The fast modes correspond to k\  > 0, while for 
the slow modes k\ < 0. Solutions (3.50) at |x| > L have the form of sech-functions 
or solitons, centered at x = x\  and x = x 2 at either side of the slab. The modes 
with aq < — L and x 2 > L have the field maxima at the corresponding side of the 
waveguide. From the linear theory, it follows that solutions for the stationary modes 
can be found separately for the symmetric and antisymmetric modes. As already 
shown [132], even in a symmetric nonlinear dielectric waveguide, asymmetric modes 
can exist due to the nonlinearity of the cladding. To find the asymmetric waves, 
general solution (3.50) of the differential equation (3.49) should be considered here. 
We note that the modes with A = 0 and X\ =  x 2 have a symmetric transverse 
structure of the electric field, modes with B = 0 and x\  =  x 2 -  antisymmetric, and 
modes with x\ ^  x 2 have an asymmetric structure. Equations for the parameters 
xi, x 2 of the guided modes can be found from the boundary conditions by eliminating 
the constants A  and B,
where Mx =  «q(L +  aq), M2 = « 1  (L — x 2), and ß = Hifi2/ k 2ßi. Corresponding 
equations for the symmetric and antisymmetric modes (for which —x\ = x 2 = Xq) 
can be obtained in the form:
where (+) corresponds to the symmetric modes, while (—) to the antisymmet-
ric ones. Solution of Eqs. (3.51) can be found numerically after reducing them 
to a single equation, or the analytical solution can be obtained in the way dis-
cussed in Ref. [132], where the problem has been solved separately in two different 
cases, A B  > 0 and A B  < 0, and the explicit expressions for unknown parameters 
A, B, aq, x 2 have been obtained.
Energy flow in a stationary guided mode has a component only along the waveg-
uide. It can be found as an integral of the Poynting vector:
sech(Mi) \ß tanh (Mx) — tan (k2L)\ 
sech(M2) [tan (k2L ) — /?tanh (M2 )] 
sech(Mi) \ß tanh (Mx) +  tan -1 (k2L)] _  
sech(M2) [tan-1 ik2L) +  ß  tanh (M2)]
(3.51)
)3tanh [/c, [L — xo)] =  ±  tan^±1 (k2L), (3.52)
(3.53)
In the normalized form, the energy flow can be written as
(3.54)
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Figure 3.15: (a) Dependence of the normalized power of guided modes p 
on the propagation constant 7 . Parameters are L = 2, ei =  1, p\ = 1, 
62 = —2, p>2 — —2. Vertical line 7 = 2 separates the fast (to the left of 
the line) and slow modes. Bold solid curve -  symmetric mode, dotted - 
antisymmetric, dashed -  asymmetric, thin solid line -  power of two solitons 
in nonlinear medium vs. propagation constant. Dashed rectangle is magnified 
in the inset. Numbers indicate parameters for which the mode structure is 
shown in Fig. 3.16. In the linear limit the only fast mode has the structure 
similar to that shown in Fig. 3.16 (4). (b) Dependence of the normalized 
total energy flow II in the modes on the propagation constant. Solid, dotted, 
and dashed curves correspond to symmetric, antisymmetric, and asymmetric 
modes, respectively. Inset shows the schematic of the waveguide.
where
Pi =  ̂ [2 — tanh (Mi)
Vi
tanh (M2)]
is the energy flow in the waveguide cladding.
P2 =
7
2/^2
L (B2 + A2) + —  (f 'iL) (B2 -  A2)
(3.55)
(3.56)
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Figure 3.16: Mode structure calculated for the parameters indicated in Figs. 3.15(a,b).
is the energy flow in the core. One can see that the energy inside the slab propagates 
in the opposite direction (due to the negative p 2) to that outside the slab, and the 
energy flow p can be either positive or negative with respect to the wavevector. 
Also, we introduce the total energy flow in the waveguide as
n =  |pi| +  |p2|. (3.57)
The total energy flow, II, characterizes the total energy circulating in the system, 
while p determines the energy transmitted by the wave in some direction. This 
direction coincides with the direction of the wavevector for positive p. Such waves 
are called forward. While it is anti-parallel to the wavevector when p is negative, 
and such waves are called backward. Note, in a conventional dielectric waveguide, 
energy flows in the same direction inside and outside the waveguide core, and II is 
identical to p.
Dependence of the normalized energy flow p and of the normalized total energy 
flow n  on the dimensionless wave number 7 are obtained by substituting parameters 
A, B , 27, X2 found from the boundary conditions in the Eqs. (3.54), (3.57). Nonlinear 
dispersion diagrams are shown for both fast and slow modes in Fig. 3.15. The 
continuous dependence y(p) is a result of the intensity-dependent index of refraction 
of the waveguide cladding. Parameters in the figure are chosen in such a way that 
only one fast mode (close to the point 4) exists in the linear case (at low intensities; 
for the solution of the linear problem and for the choice of parameters see, e.g., Ref. 
[121]). Figure 3.15(b) confirms a single mode in the linear regime, characterized by 
a vanishingly small total energy flow. Thin solid curves in Figs. 3.15(a,b) show the 
power of two solitons in a homogeneous nonlinear cladding versus the propagation 
number. The mode structures are shown in Fig. 3.16, where each plot demonstrates 
the transverse wave profile corresponding to the numbered point in Fig. 3.15(a).
The modes with the parameters close to the thin solid line (points 1, 5, 6 in
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Fig. 3.15(a)) resemble two in-phase or out-of-phase solitons at either side of the 
waveguide. Closer to the thin solid line the soliton centers in the nonlinear media 
move further away from the waveguide. The symmetry breaking bifurcation appears 
on the symmetric mode branch. The asymmetric mode curve in the fast region ends 
in the symmetric mode branch [see Fig. 3.15 (a)], while in the slow wave region the 
asymmetric mode disappears, when the amplitude of the wave at one interface be-
comes the same as the amplitude of the soliton on the other side of the waveguide. 
Two structures (points 2,7 in Fig. 3.16) obtained at the same value of the propaga-
tion constant show the point of the symmetry breaking, where a slight asymmetry 
can be seen in the mode structure shown in example 7 in Fig. 3.16. Symmetric and 
asymmetric modes can be either forward or backward traveling (p > 0 and p < 0, 
respectively). Note, in contrast with nonlinear dielectric waveguides, there is no 
threshold value of the mode power transmitted in some particular direction p for 
the asymmetric modes. However, it is the total energy Ü, which determines the 
power of the source what we need to excite the wave, and the asymmetric modes 
have a threshold value of n  (see Fig. 3.15(b))
For the parameters indicated in Fig. 3.15, only one fast symmetric guided mode 
exists in the linear limit and the linear mode has a transverse structure similar to 
the one shown in Fig. 3.16 (4), while in the nonlinear regime the modes with zero, 
one and two nodes appear (see Fig. 3.16). At the intersection of the curves on 
the nonlinear dispersion diagram with p = 0 axes, apart from the linear limit, the 
energy flow inside the waveguide core exactly compensates that outside the core due 
to the structure of such modes. We note here, that with increasing the waveguide 
thickness, one more symmetry breaking point appears on the antisymmetric mode 
branch, when the slab parameter L exceeds some threshold value. Moreover, more 
high-order modes can be supported by the structure, and the nonlinear dispersion 
diagram becomes more complicated.
Nonlinear dispersion diagram shown in Fig. 3.17(a) is obtained for the param-
eters when two slow modes exist in the linear case. The transverse structure 
of the modes, corresponding to the numbered points in Fig. 3.17(a) is shown in 
Fig. 3.17(b). For symmetric and antisymmetric modes the curves on the nonlinear 
dispersion diagram start from zero energy points corresponding to linear modes in 
the slow-wave region of the plot, and they end at the curve representing the power 
of two solitons when the modes have the structure of two in-phase or out-of-phase 
solitons shifted from the waveguide at either side of it. Nonlinearity can only reduce 
the propagation constant of these modes (bold solid and dotted lines), thus increas-
ing the wave phase velocity. These symmetric and antisymmetric modes become 
fast with the growth of the intensity. This becomes possible, due to the nonlinear 
change of the index of refraction profile in the waveguide cladding. This index mod-
ification is caused by a high field amplitude in the part of the cladding next to the 
core, as one can see from the plots (1,3,4,6) in Fig. 3.17.
The symmetry breaking bifurcation point is located at the symmetric mode 
branch. The asymmetric mode branch ends at the curve corresponding to the 
power of one-soliton, when the mode is represented by a soliton infinitely shifted 
from the waveguide from one side of it and a vanishingly small field trapped inside
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Figure 3.17: (a) Dependence of the normalized power of guided modes p on 
the propagation constant 7. Parameters are L =  2, ei =  1, p \ =  3, =  —2,
(i2 =  —2. Vertical line 7 =  2 separates the fast (to the left of the line) and 
slow modes. Bold solid curve -  symmetric mode, dotted -  antisymmetric, 
dashed -  asymmetric, two thin solid lines -  dispersion of one (lower curve) 
and two (upper curve) soliton states in the corresponding nonlinear media. 
Numbers indicate the parameters for which the mode structure is shown in 
(b). Modes in the linear limit have a transverse structure similar to those 
shown in Fig. 3.17 (b), subfigures 2 and 7.
the waveguide (point 9 in Fig. 3.17). Plots (4,5) in Fig. 3.17(b) shows the symmetric 
and asymmetric mode structures for the same value of the propagation constant at 
the point of the symmetry breaking.
The two presented nonlinear characteristics of the nonlinear waves in a LH 
waveguide surrounded by a Kerr-like nonlinear medium show the general nonlin-
ear properties of the low-order fast and slow modes, which are qualitatively similar 
in other parameter regions.
To study frequency dispersion of nonlinear modes, we assume that the dielectric 
permittivity and the magnetic permeability of the LHM have the form,
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Figure 3.18: Dependence of the mode wavenumber h on the frequency. Pa-
rameters are L = 2, e\ =  1, Hi = 1. Solid lines -  dispersion of modes in linear 
regime, dashed -  nonlinear modes with total energy flow II = 5. Dotted line 
h = uj/c(ei / U i ) 1 / 2 , dotted curve h =  cu/c(e2^ 2 )1̂ 2- S, A, N indicate symmetric, 
antisymmetric and asymmetric modes, respectively. Insets show transverse 
wave profiles at h — 1.3(cm)-1 corresponding to the points indicated on the 
dispersion curves in the descending order of frequencies.
where the parameters lup /27t =  10 GHz, uJo/2n = 4 GHz, and F — 0.56. The region 
of simultaneously negative permittivity and permeability in this case ranges from 4 
to 6 GHz.
The frequency dispersion of the low-order guided modes are shown in Fig. 3.18 for 
different values of the total energy flow n. An increase of the total intensity results 
in a shift of all modes to the resonance frequency region (to lower frequencies). The 
insets in Fig. 3.18 show several transverse mode profiles with h = 1.3cm-1 .
3.6 Conclusions
Firstly, we have presented a systematic study of both linear and nonlinear sur-
face waves supported by the interface between a left-handed metamaterial and a 
conventional dielectric medium. For the linear regime, we have extended some 
earlier theoretical results and analyzed different types of surface waves and their 
existence regions. In particular, we have demonstrated that the structure of the 
energy flow in a spatially localized wave-packet of the surface waves propagating 
along the interface has a vortex-like structure. For the case of nonlinear surface 
waves, we have demonstrated that when only one of the media is nonlinear the 
maximum amplitude of the spatially localized wave does not shift away from the 
interface. This result is in sharp contrast to the case of an interface between linear 
and nonlinear right-handed materials where the maximum of a surface wave is al-
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ways shifted into a self-focusing nonlinear medium. We have demonstrated that the 
group velocity of nonlinear surface waves can be controlled by changing the inten-
sity of the electromagnetic field and, in particular, the surface wave can be switched 
from the forward propagating one to the backward propagating one by varying the 
field intensity only. In addition, we have obtained conditions for the existence of 
surface-polariton solitons at the metamaterial interface.
We have also described guided waves in left-handed slab waveguides. We have 
demonstrated a number of exotic properties of such waves, including the absence 
of fundamental modes and the sign-varying energy flux, and we have predicted the 
existence of the fundamentally novel class of guided waves with a vortex-type in-
ternal structure. We have studied nonlinear guided waves in a waveguide structure 
created by a slab of linear LH material surrounded by a nonlinear conventional 
dielectric. We have shown that fast and slow symmetric, asymmetric, and antisym-
metric modes can exist in this system. On the dispersion diagram, the symmetry 
breaking occurs for both symmetric and antisymmetric mode branches. In the latter 
case, there exists a threshold value of the slab thickness above which the asymmetric 
modes appear. In contrast with nonlinear dielectric waveguides, there is no thresh-
old value of the energy flow for the asymmetric waves. Guided waves can be either 
forward or backward traveling. The type of wave determines the direction of the 
phase fronts propagation with respect to the energy flow. While the direction of 
the energy flow is determined by the source, the type of wave determines the phase 
velocity direction, i.e., the phase front propagates from the source in forward waves, 
and to the source, in backward waves.
CHAPTER 4
Excitation of guided waves and giant 
Goos-Hänchen effect
In this chapter we will discuss the possibility of guided wave excitation in layered 
structures with left-handed materials. In the Sec. 4.1 we will present the general 
principles of wave excitation by an obliquely incident electromagnetic beam, which 
is accompanied by the so-called giant Goos-Hänchen effect. Further, in Secs. 4.2, 4.3 
we will study the excitation of surface and slab modes, respectively. To conclude, 
we will discuss some possible applications of the predicted effects.
4.1 Introduction: leaky wave excitation
An optical beam totally reflected from an interface between two transparent 
dielectric media is known to experience a lateral displacement from the point of 
reflection predicted by geometric optics because each plane wave component of the 
beam undergoes a different phase change. Such lateral beam shift is usually called 
the Goos-Hänchen effect [133]; it occurs at angles close to the angle of the total 
internal reflection by the interface, and the beam shift is usually much less than the 
beam width.
However, much larger beam shifts are known to occur in the layered structures 
that support surface or guided waves which, when excited, are able to transfer the 
incoming beam energy along the interface. Such guided waves are not excited in the 
case of a single interface separating two dielectric media because the phase matching 
condition between the incident beam and surface waves cannot be fulfilled. How-
ever, guided waves can be excited in layered structures when the beam is incident 
at an angle larger than the angle of the total internal reflection. In this case, the 
guided waves are also termed leaky waves [134]. Excitations of leaky waves by scat-
tering of electromagnetic waves are usually realized in two well-known geometries, 
which are used in the solid-state spectroscopy, also known as the attenuated (or 
frustrated) total internal reflection experiments. These two excitation geometries 
are: (i) glass prism-air-dielectric structure, usually called Otto configuration [135] 
and (ii) prism- dielectric film -air structure, usually called Kretchmann configuration 
(see, e.g. Ref. [136] and references therein).
We have demonstrated in the previous chapter that an interface between the
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conventional and LHM media can support surface waves (or surface polaritons) of 
both TE and TM polarizations. The existence of surface waves suggests that they 
can dramatically enhance the Goos-Hänchen effect for beam reflection because such 
surface waves can transfer the energy of the incoming beam along the interface, as 
was first discussed in Ref. [55].
The purpose of this chapter is twofold. First, we study analytically the manifes-
tation of the giant Goos-Hänchen effect that can be observed in the beam reflection 
by two types of layered structures that include LHM media. In these geometries, we 
demonstrate resonant excitation of (i) surface waves at a surface of a LHM medium, 
and (ii) leaky waves in a structure with a LHM slab. We study the corresponding 
stationary guided modes in the layered structures, and then demonstrate, by solving 
the stationary scattering problem, the resonant reflection and transmission due to 
the excitation of leaky waves in two different geometries. Second, we use the direct 
numerical finite-difference time-domain (FDTD) simulations [85, 86] to study the 
temporal dynamics of the beam scattering and surface wave excitation, and confirm 
the major predictions of our theory.
First, we recall that, in the framework of the scalar theory of the linear wave 
scattering [137], the lateral shift Ar of the beam reflected by a layered dielectric 
structure can be defined as follows,
d$r
dkx
(4.1)
where the index V  refers to the beam reflection and §>r is the phase of the reflection 
coefficient. The approximation Eq. (4.1) is obtained with the assumptions that 
the beam experiences total internal reflection and tha t the phase of the reflection 
coefficient 4>r is a linear function of the wave vector component kx across the spectral 
width of the beam.
This lateral beam shift and the Goos-Hänchen effect have been calculated for 
several cases of beam reflection from layered structures with LHM materials, in 
particular, for the beam reflection from a single interface [138], [85] and a periodic 
structure of alternating right- and left-handed layers [139]. Also, the shift of the 
beam transmitted through a LHM slab has been studied theoretically as well in 
Ref. [140].
However, if the phase 4>r is not a linear function of the wave number kx across 
the spectral width of the beam (e.g., for narrow beams with wide spectrum), the 
approximate formula (4.1) for the shift of the beam as whole, strictly speaking, is not 
valid. In such a case, one can find the structure of both reflected and transmitted 
beams as follows,
1 r°° „
Er,t(x ) =  ^  J  {R{kx) ,T (kx)} Efikx)dkx, (4.2)
where Ei is the Fourier spectrum of the incident beam, and then define the relative 
shift of the beams, Ar>t, by using the normalized first momentum of the electric field
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of the reflected and transmitted beams, Ar>t = A ^ , where
. ( „ )  IZ>xn\Er,t{x)\2dx
r,t{x )\2dx’
(4.3)
where a is the width of the incident beam.
As a matter of fact, the transverse structure of the reflected and transmitted 
beams can have a complicated form; and, in general, it can be asymmetric so that 
the shift defined by Eq. (4.3) may differ essentially from the value following from 
Eq. (4.1).
The case A C  1 corresponds to the beam shift much smaller then the beam 
width, whereas the case A > 1 is much more interesting, and it corresponds to 
the so-called giant Goos-Hänchen effect. The second momentum of the reflected
/  o \
and transmitted beams, AyrJ, defined by Eq. (4.3), characterizes a relative width of, 
respectively, the reflected and transmitted beams,
In what follows, we assume, without specific restrictions of generality, that the 
interface between the first and the second medium is located at z = 0 and that the 
incident beam is Gaussian and has the beam width a, i.e., at the interface the electric 
field of the beam has the form E{(x,z = 0) = exp(—x2/4a2 — ikxox). The angle 
of incidence, 0, of the beam is defined with respect to the normal to the interface 
so that the wave number component along the interface in the medium from which 
the beam is incident is kx0 = Aq sin 0 and the corresponding wave number in the 
medium into which the transmitted beam propagates is Aq = ujy/(eißi)/c.
4.2 Excitation of surface waves
Larger lateral beam shifts are expected at the angles of incidence such that the 
beam spectrum contains the components with the same kx as the propagation con-
stant of the surface waves. As has been shown recently, both forward and backward 
surface polaritons can exist at the left-handed interface [52], depending on the pa-
rameters X  = |e3|/e2 and Y  = |^3|//z2. Excitation of the forward surface waves 
results in the energy transfer in the direction of incidence. A negative shift of the 
beam is obtained when the backward surface waves are excited, this corresponds to 
the parameters X Y  > 1 and Y  < 1.
We chose the following parameters of the media: c\ = 12.8, A4 = e2 = £t2 = 1 ’ 
€3 = —3, [13 = —0.5. The propagation constant of surface polaritons can be found 
from the relation (3.10) h2 = [ai /  c)2e2g2Y { Y —X )/{Y 2 — 1), and for these parameters 
the surface waves at the interface are backward propagating. Figures 4.1(b,c) show 
the dependence of A and W  on the angle of incidence at iwa/c = 100 and wd/c = 3, 
respectively. We observe a distinctive resonant dependence of the beam shift, and 
the maximum corresponds to the phase matching condition kx0 = h.
4.2  E xcita tion  o f  surface waves 79
Surface wave
LHM
Angle of incidence
Figure 4.1: (a) Geometry of the problem. (b,c) Relative beam shift and 
width vs. incidence angle. Insets show the profiles of the reflected (solid) and 
incident (dotted) beams.
In the inset (2) of Fig. 4.1(c), two distinctive peaks in the reflected beam are 
observed. The first peak corresponds to a mirror reflection, while the second peak 
is shifted from the incident beam and it appears due to the excitation of surface 
waves. At the resonance, the lateral beam shift becomes larger than the beam 
width. The double-peak structure appears only for narrow beams, when the beam 
spectrum is wider than the spectrum width of the surface mode, the later can 
be found as a width of the resonance shown in Fig. 4.1(b). The components of 
the beam spectrum outside this region are reflected in a mirror-like fashion, while 
the spectrum components near the resonance transform into a surface wave, being 
responsible for the second peak in the shifted reflected beam. For wider beams, 
such that their spectrum is completely falls into the surface mode excitation line, 
only the shifted peak appears. W ith an increase of the beam width, though, the 
relative beam shift decreases due to the fact that the absolute shift of the beam 
grows slower than the beam width.
Figures 4.2(a-c) show the beam shift and width vs. the normalized gap thickness 
and the structure of the energy flow. The resonances observed in Figs. 4.2(a,b) have 
simple physical explanation. Indeed, when the gap is absent (d =  0) or small, no 
surface wave is excited, and the beam shift is negligible. Increasing the gap width,
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Figure 4.2: (a,b) Relative shift and width of the reflected beam vs. normalized 
gap du/c at au/c = 100. (c) Energy flow. In all plots the angle of incidence 
corresponds to the point (2) in Figs. 4.1(b,c). Insets show the profiles of the 
reflected (solid) and incident (dotted) beams.
one increases the quality factor of the surface mode, thus increasing its propagation 
distance and the reflected beam shift. Similarly, for large d the surface wave is not 
excited, and the reflected beam shift becomes small again.
To understand deeper the physical mechanism for the giant Goos-Hänchen shift, 
we calculate the energy flow for the beam reflection and compare it with the results 
for the right-hand media [141]. Figure 4.2(c) shows the structure of the energy 
flow for the case of a negative lateral shift. The strongly curved flow lines in the 
upper medium correspond to the interference of the incident and mirror-like reflected 
beams. The finite-extension surface wave excited in a slab along the interface has a 
distinctive vortex-like structure predicted in Sec. 3.2.3. This surface wave transfers 
the energy in the negative direction, and then the energy is reflected from the 
interface as a shifted beam.
To make our predictions more realistic, we study the effect of losses, which 
are always present in left-handed materials [2]. We introduce losses by adding the 
imaginary parts to the dielectric permittivity 63 and magnetic permeability /r3. In
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Figure 4.3: (a,c) Relative beam shift and (b,d) reflection coefficient vs. the 
imaginary part of the dielectric permittivity, for narrow du/c=  100 (a,b) and 
wide du/c = 600 (c,d) beams, for duj/c = 3. Insets show the profiles of the 
reflected beam.
particular, we take Im ( / /3) =  —2 • 10~5 and vary the imaginary part of €3. We 
notice th a t the losses in the left-handed medium affect mostly the surface waves 
and, therefore, the major effect produced by the losses is observed for the strongly 
shifted beam component.
We distinguish two limiting cases. W hen the beam is narrow, i.e. its spectral 
width is large, only a part of the beam energy is transferred to surface waves, while 
the other part is reflected. This case is shown is Figs. 4.3(a,b). In this case the 
increase of losses, i.e. the increase of the absolute value of Im (e 3), results in the 
suppression of the second peak in the reflected beam, which is due to the surface 
wave excitation. The growth of the amplitude of the mirror-like reflected beam  can
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be explained by a detuning from the resonance between the incident wave and the 
surface polariton.
For a wide beam with a narrow spectrum, almost all energy of the beam is trans-
ferred into a surface wave and, therefore, the lateral shift becomes strongly affected 
by the losses in the left-handed medium, as shown in Fig. 4.3(c). Figure 4.3(d) show 
the dependence of the reflection coefficient on the imaginary part of the dielectric 
permittivity in the third medium.
Finally, we perform direct numerical FDTD simulations to study the tempo-
ral dynamics of the surface wave excitation. The FDTD simulator used in these 
calculations is described in [85, 86]. The LHM medium is modeled with a lossy 
Drude model for both the permittivity and permeability. The cell size was set 
at A o / 1 0 0  to minimize any effects of the numerical dispersion associated with the 
FDTD method. We launch the beam with a waist A 0 at the incident angle 21.17° 
to observe the backward wave excitation, i.e., this incident angle corresponds to the 
resonant surface wave excitation. The medium parameters are the same as those 
used in Fig. 4.1. The intensity of the electric field at the final step of the numerical 
simulations is shown in Fig. 4.4(a). In the top part of this figure we observe the 
interference of the incident and reflected beams. Though it is not easy to discern 
the double-peak structure of the reflected beam, one can clearly see the surface wave 
excited at the boundary between air and LHM media. The fact that the maximum 
of surface wave is shifted in the direction opposite to the direction of the incident 
wave indicates that the excited surface wave is backward. The temporal variations 
of the amplitudes of the incident and surface waves are shown in Fig. 4.5.
In order to observe the process of the excitation of the forward surface wave, 
we take the medium parameters with a different set of values (see, e.g., Ref. [52]): 
€\ = 12.8, gi = € 2  = = 1, e3 =  —0.5, fi3  = —2, and d = A. Using the theoretical
approach discussed above, we find that for an incident beam having a waist A 0 , 
the resonant excitation of the forward surface waves should be observed with the 
incident angle of 16.32°. The distribution of the electric field intensity calculated 
by the FDTD simulator is shown in Fig. 4.4(b). Here, we can identify clearly 
the double-beam structure of the reflected beam discussed above. The temporal 
dynamics of the forward wave excitation are similar to the case of the backward 
wave. The amplitude of the forward wave is much higher than the amplitude of the 
incident wave, in contrast to the case of the excitation of the backward wave shown 
in Fig. 4.5.
4.3 Excitation of slab modes
Now we consider the five-layer structure geometry shown in Fig. 4.6(a). The first 
and fifth slabs have the material parameters and gi. There are two gap slabs 
with material parameters e2 and g 2 - The middle slab has the material parameters 
e3 and /r3. Without the slabs one and five (i.e. when d —> 00) the structure reduces 
to an isolated slab. The LH slab supports guided waves as it was shown in the 
Sec. 3.5. The presence of the optically dense medium makes these guided slab
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Figure 4.4: Distribution of the electric field after the excitation of (a) back-
ward surface wave, and (b) forward surface wave.
Figure 4.5: Temporal variation of the amplitudes of the incident (solid) and 
surface (dashed) waves.
modes leaky [134], because these waves can now tunnel outside the guided region. 
The dense media on both sides of the center slab make it possible for such leaky 
waves to radiate in both directions.
For our studies, we use the same parameters as we did for the three-layered 
structure discussed in the previous section. Depending on the thickness of the LHM 
medium, the slab can support either one or several guided modes. Figure 4.6(b) 
shows the dependence of the wave number of the TE-polarized modes as a function 
of the slab thickness.
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Figure 4.6: (a) Geometry of the layered structure, (b) Dependence of the 
normalized wave number h of the guided modes in the center slab whose 
thickness is L, for odd (dashed) and even (solid) modes. The vertical dotted 
line in the lower figure corresponds to the thickness L — 5\/2n  used in our 
calculations.
Reflection and transmission coefficients for the scattering of monochromatic 
plane waves by a layered structure can be calculated with the help of the transfer- 
matrix method (see, e.g. Ref. [142]). We take the slab thickness L =  5A/27T, so 
that both symmetric and antisymmetric modes can exist in this layered structure. 
Additionally, we select angles of incidence so that kx will be the same as one of the 
guided modes, as was discussed above, to achieve large values of the lateral shift of 
the reflected beam
Figure 4.7 shows the shift of the reflected and transmitted beams, calculated 
with the help of Eq. (4.3), as a function of the angle of incidence. There is a dis-
tinctive resonant behavior for this shift. For a wide beam, the resonance maxima 
correspond to the phase matching condition kx0 = h\ and, measuring the position 
of such resonances, we can determine the thickness of the LHM slab with a pre-
cision exceeding a wavelength. However, the two-peak structure of the resonances 
disappears for narrower beams because such beams have a wide angular spectrum 
and, hence, both modes are excited simultaneously. Moreover, the relative shift of 
the transmitted beam can be much larger than that of the reflected beam. This 
happens because the transmitted wave is composed only of a beam emitted by the 
excited leaky wave whereas the reflected beam consists of two parts: this leaky 
wave part and the mirror-like beam reflected from the structure. In contrast, the 
positive resonances in the low wave number gap regions correspond to the resonant 
reflections from that gap. The resulting fields can also be treated as excitations of
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Figure 4.7: Dependence of the relative shifts of (a) reflected and (b) trans-
mitted beams versus the angle of incidence, for L = 5Ao/27r and d = Ao, and 
several values of the waist of the incident beam a: a = Ao (dotted), a = 5Ao 
(dashed), and a = 10Ao (solid). The vertical lines indicate the position of the 
slab eigenmodes. The insert shows an enlargement of the domain marked by 
a dashed box in the main figure.
Figure 4.8: Dependence of the relative shift of the (a) reflected and (b) trans-
mitted beams versus the thickness d of the air gaps between the LHM slab and 
the high-index slabs when L = 5Ao/27r, a = Ao, and kXo = 1.18627r/Ao. De-
pendence of the relative shift of the (c) reflected and (d) transmitted beams 
versus the waist a of the incident beam when L = 5Ao/27r, d = Ao, and 
kX0 = 1.18627t /A0.
leaky waves that are guided by the air gaps.
Figure 4.8 shows the shift of the reflected and transmitted beams versus the
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Figure 4.9: Intensity distribution of the electric field for the excitation of (a) 
backward guided waves and (b) forward leaky waves guided by the air gaps.
normalized thickness d of the gap slabs. The resonant-like behavior of these depen-
dencies can be explained in the same way as was done for the case of surface waves in 
Sec. 4.2. If the gap is absent, no leaky waves are excited and, therefore, the shift of 
the reflected beam is much smaller then the incident beam width. If we increase the 
width of the gap separating the medium one and three, we increase effectively the 
quality factor for the excitation of guided modes, thus increasing the propagation 
distance of such waves and, hence, the lateral shift of the reflected beam. For large 
widths of the gap, the reflected beam spectrum is much wider than the spectrum 
of the leaky waves and, as a result, only a small part of the beam energy can be 
transferred to the guided waves, making the resulting beam shift small.
Figures 4.8(c,d) show the dependence of the beam shift on the width of the 
incident beam. A change of the width of the incident beam modifies its spectral 
extent, thus it changes the ratio of the energy carried by the mirror-like reflected 
and leaky-wave radiated beams.
We have performed direct numerical FDTD simulations of the temporal dynam-
ics for the excitation of the guided waves in the five-layer structure. Samples of 
these results are shown in Figs. 4.9(a,b) where two snapshots in time of the electric 
field intensity distribution at the end of the simulations are given. In particular, 
Fig. 4.9(a) shows the excitation of the backward guided waves. The air gap thick-
ness here was chosen to be A0/2  in order to decrease the quality factor of the guided 
modes and to obtain a better coupling with the radiative modes. The excited guided 
wave has a vortex-like structure of the energy flow, as predicted earlier in Sec 3.2.3.
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Figure 4.10: (a) Contour plot of the ^-component of the Poynting vector (blue 
corresponds to positive values, while yellow corresponds to negative values), 
(b) Profile of the x-component of the instantaneous Poynting vector as a 
function of 2  (normal to the interfaces) at the middle point of the simulation 
domain.
The structure of the x-component of the instantaneous Poynting vector is shown as 
a contour plot in Fig. 4.10(a). It shows that the energy inside the LHM slab flows 
in the direction opposite to energy flow in dielectrics. Figure 4.10(b) presents the 
cross-section transverse to the interfaces shown in Fig. 4.10(a) at the middle point 
of the simulation domain. It shows explicitly the negative energy flow inside the 
LHM slab waveguide.
Finally, Fig. 4.9(b) shows the snapshot in time of the distribution of the electric 
field intensity at the end of the simulation in the case when the excitation of the 
leaky waves are guided by the air gaps. The results demonstrate that the electric 
field in this case is mostly concentrated in the air gaps. This explains the positive 
energy transfer, and the overall positive shift of the reflected and transmitted beams.
4.4 Conclusions
We have analyzed the scattering of an obliquely incident Gaussian beam by a 
multi-layered structures of left-handed and right-handed media. We have demon-
strated that a rich variety of surface and guided waves supported by these multi-
layered structures can result in a giant lateral shift of the beam reflected from it. 
We have emphasized that this effect is due to either the resonant excitation of sur-
face waves (surface polaritons) at the interface between the conventional DPS and 
the unconventional LHM materials, or due to the resonant excitation of guided and
88 E xcita tion  o f  gu id ed  waves and g ian t G oos-H änchen effect
leaky modes in the LHM slab. For resonant excitations of guided waves, the re-
flected beam has a well-defined double-peak structure, where one peak represents a 
mirror-like reflection, and the second one appears due to a lateral beam shift from 
the point of a mirror-like reflection, produced by excited surface waves. The lateral 
beam shift can be both positive and negative, depending on the type of the surface 
waves supported by the structure and excited by the incoming beam. Many pre-
dictions hold in the presence of losses in the LHM material a factor that has been 
included in our analysis. We have also performed a series of direct finite-difference 
time-domain numerical simulations to model the temporal dynamics of the beam 
scattering in both types of multi-layered structure geometries and have confirmed 
the major effects predicted analytically for the time harmonic, stationary problem.
CHAPTER 5
Perfect lenses
In this chapter, we, first of all, review the concept of a perfect lens in Sec. 5.1. 
Then, we extend the idea of perfect imaging for the case of birefringent metamate-
rials in Sec. 5.2, and nonlinear metamaterials with quadratic nonlinear response in 
Sec. 5.3.
5.1 Introduction: how the perfect lens works
The “perfect lens” is created by a slab of left-handed metamaterial with e =  
fi = —1, where e is the dielectric constant and /r is the magnetic permeability. 
Vesela.go predicted [2] that such a material would have a negative refractive index 
of n = = —1, and that a slab of such a material would act to refocus all rays
from a point source on one side of the slab into a point on the other side of the slab 
(see Fig. 5.1). Later, Pendry showed [26] that such a lens can reconstruct the near 
field of the source, and as a result it can create an ideal image.
Thus, a slab of left-handed metamaterial can be used for sub-wavelength imaging 
because it amplifies all evanescent modes (near field) inside the slab, and therefore 
allows the preservation of information about the source structure with a resolution 
better than the radiation wavelength. However, to satisfy the conditions for such a 
perfect lens, the distance between the source and the slab surface, a, and between 
the second surface of the slab and the image point, 5, should be connected to the 
slab thickness D by the relation [26] (see Fig. 5.1),
The relation (5.1) means that it is impossible to create an image at distances larger 
than the slab thickness, and this is one of the serious limitations for applications of 
a left-handed perfect lens.
To analyze how the perfect lens works, we follow the original paper [26] and write 
the transmission coefficient for a metamaterial slab with e =  f i  = — 1 surrounded 
by vacuum in the form
a +  b =  D. (5.1)
(5.2)
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Figure 5.1: (a) Ray focusing and (b) schematic reconstruction of evanescent 
waves by a left-handed lens.
We see that, indeed, \T\ = 1 for all k \  = k% +  k2. Moreover, it amplifies evanescent 
waves with k \  > c j2/ c 2, which decay towards the slab.
Let us analyze the relation between the effect of evanescent wave amplification 
and guided modes in the LH slab, which were discussed in the Sec. 3.5. It can 
be easily verified that the condition e =  /z =  — 1 gives an unexpected answer - 
no localized slab modes can exist in such waveguide! However, if we look for the 
non-localized eigen modes, which exponentially grow away from one side of the slab 
and decay from the other, we immediately see that they exist for all values of k±. 
Such modes do not have physical meaning for the stand alone waveguide, since their 
field diverges at infinity, however, in the presence of the source of electromagnetic 
waves from one side of the slab, these modes can be excited, and they carry a finite 
energy. Thus, we have two types of eigen modes in the slab: (i) delocalized, which 
are responsible for the amplification of evanescent fields, and (ii) localized. The 
later, in the case of non-perfect condition e = /z —  — 1 , can even distort the image, 
as we discuss later in this chapter.
5.2 Birefringent left-handed lens
In this section, we introduce the concept of a birefringent non-reflecting left- 
handed metamaterials and birefringent perfect lenses. In particular, we show that, 
in contrast to the conventional perfect lens condition e =  p = — 1, the birefringent 
left-handed lens can focus either TE or TM polarized waves or both of them, with 
a varying distance between the TE and TM images; and this property allows to 
expand dramatically the limits of the perfect lenses. In addition, we show that such 
a birefringent lens is free from the limitations imposed by the condition (5.1), and
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we also discuss some other applications of birefringent left-handed metamaterials 
for beam polarization splitting and sub-wavelength beam imaging.
5.2.1 A birefringent metamaterial
We consider a linear medium described by the following tensors of dielectric 
permittivity e and magnetic permeability £, which in the main axes of the crystal 
have the form
/ A O  0 \  /  B  0 0 \
e =  0 B  0 , £ =  0 , 4  0 (5.3)
\ 0  0 A~l )  \  0 0 B~l )
where A and B are generally arbitrary complex functions of the frequency. We 
substitute the expressions (5.3) into Maxwell’s equations and obtain the equations 
for the transverse spatial harmonics of the monochromatic [~ exp(iut — ikxx)\ 
electromagnetic waves, for the case of (i) TM polarization, when E =  (Ex,0 ,E z) 
and H  =  (0, Hy, 0):
d2K
dz2
-  +  A2(k% -  kl)Hy =  0,
Ex =  - •
1 dH„
Ez =  - f A H y,
K q
(5.4)
(5.5)
ik0A dz
and for the case of (ii) TE polarization when E =  (0, Ey, 0) and H  =  (Hx, 0, Hz):
^Ey
dz2
1 dEr
kl)Ev =  0, (5.6)
Hz =  h b e v, 
Ko
(5.7)
ik0B dz
where ko =  cu/c is the wave number in vacuum, kx is the wave vector compo-
nent along the a:—axes, and c is the speed of light. It is easy to verify that the 
wave impedance of this birefringent medium matches exactly the impedance of the 
vacuum, for both the polarizations with any transverse wavenumbers kx, and for 
arbitrary (including complex) values of A and B. Therefore, the medium described 
by the tensors (5.3) is ideally impedance-matched with the vacuum being reflection-
less [143]. Such a birefringent medium was suggested as a perfectly matched layer 
in finite-difference time-domain simulations [144]. In general, when the vacuum is 
substituted by a medium with some es and fis, the impedance matching conditions 
would require some modification of Eq. (5.3), namely e —» ese, and £ —► /j s£. Below 
we consider es =  gs =  1 without loss of generality.
5.2.2 Transmission properties of a birefringent LH slab
We consider a slab of metamaterial with dielectric and magnetic properties char-
acterized by the tensors (5.3). The slab is surrounded by vacuum, and it has a 
thickness D (0 < z < D). We assume that a point source is located at a distance
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Figure 5.2: Ray diagram showing the creation of two separate TE and TM 
polarized virtual images of a source; Ot e  and 6t m  are the angles between the 
group and phase velocities of the TE and TM waves inside the slab.
2  =  —a from the nearest surface of the slab, as shown in Fig. 5.2, the source gen-
erates both TE and TM polarized waves, and it is described by the corresponding 
distribution of the electric field E y{x, z =  —a), for the TE polarization, or the mag-
netic field Hy(x: z = —a), for the TM polarization, in the plane z — —a. We denote 
the spatial spectra of the these fields as a e(kx) and am(kx), respectively. Using 
Eqs. (5.4) to (5.7) for describing the electromagnetic field in the slab, and satisfying 
the boundary conditions for the tangential components of the fields, we obtain the 
general expressions for the spatial harmonics of the fields behind the slab, i.e. for 
z > D,
Hy(z ,kx) = a m(/cx)exp ^-iy jk% -  k2x(a + AD  + z') j , (5.8)
for the TM polarized waves, and
Ey(z, kx) =  ae(kx) exp l - i y jk %  -  k2x(a +  B D  +  z') \  , (5.9)
for the TE polarized waves, where z' = z —D. Thus, for real A  and B  Eqs. (5.8), (5.9) 
reproduce the field structure of the source in the region z' > 0 shifted from the source 
position by the distance (A — 1 )D (for TM waves) or (B  — 1 )D (for TE waves). 
A typical ray diagram for this case is shown in Fig. 5.2 for A  > 1, B > 1 and 
A > B, where we show the position of the source for both the polarizations, as well 
as spatially separated virtual images created by the lens. In general, for A ^  B, 
the virtual images of the TE and TM sources are shifted relative to each other. For 
0 < A, B  < 1, the virtual images can be located either between the slab and the 
source or inside the metamaterial slab.
More interesting cases of the medium (5.3) correspond to negative values of A  
or/and B. When A < 0 and B > 0, negative refraction occurs for the TM polarized
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Figure 5.3: Beam transmission through a slab of the birefringent metamate-
rial (A  =  —4, B  = +2, D = 5). The TM polarized component experiences 
negative refraction, while the TE polarized component refracts normally. Co-
ordinates are normalized to the free-space wavelength.
waves only, whereas the TE polarized waves refract normally, see Fig. 5.3. For 
A  > 0 and B  < 0, the opposite effect occurs, i.e. negative refraction is possible 
for the TE polarized waves only. This property can be used for the polarization- 
sensitive beam separation. Figure 5.3 shows an example of this separation for the 
slab with A = —4 and B = +2. A two-dimensional beam propagates at the angle of 
incidence 30° and is refracted. Initially, the beam is composed of two polarizations 
with the same partial intensities. When the beam is refracted at the surface, the 
TM polarized wave undergoes negative refraction and it becomes separated from 
the normally refracted TE beam.
Another specific feature of the birefringent lenses is a possibility to form two 
separate perfect images for the TE and TM polarized waves. This property follows 
from the results (5.8) and (5.9). In particular, for A  < 0 and B > 0, the transverse 
spatial spectrum of the TM polarized field in the plane z'm = \A\D — a coincides 
with the spectrum of the source,
while the TE polarized component of the beam is positively refracted. In the case 
A > 0 and B < 0, the image is created by the TE polarized waves at z'e = \B\D  — a,
k'x) 0:m(/tx), (5.10)
Ey ( ,  kx  ̂ — Oigffca;), (5.11)
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Figure 5.4: Ray diagrams of the birefringent left-handed lens imaging, (a) 
A single source imaging by a metamaterial slab characterized by negative 
A ^  B. TE and TM images are separated by the distance h defined by 
Eq. (5.12). (b) Separated sources with two different polarizations can create 
the images in the same plane, provided the sources are separated by the 
distance (5.12).
whereas the TM polarized waves experience positive refraction, and they do not 
create an image. Thus, in the case of the birefringent lens additional parame-
ters appear, which mitigate the strict limitations for the isotropic lens imposed by 
Eq. (5.1). As a result, the source and the image can be located further away from 
the slab. More importantly, when both A  and B  are negative and A ^  B, both TE 
and TM images appear, and they are separated by the distance
h = \z'e - z ’m\ = \ ( \B \ - \A \ )D \ ,  (5.12)
which, in the absence of dissipative losses, can be arbitrary large. This allows novel 
possibilities for sub-wavelength resolution, diagnostics, and microscopy.
In the case \A\ = \B\, the TE and TM images coincide and in a particular case 
A = — 1 and B = — 1 we recover the results for the isotropic perfect lens discussed 
by Pendry [26] and Veselago [2]. In general, the basic physics for operating the 
birefringent perfect lenses is similar to the isotropic case, and it is defined by two 
major factors: (i) negative refraction, and (ii) amplification of evanescent waves. 
Figure 5.1(b) shows schematically the structure of the evanescent waves in the slab
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Figure 5.5: TE and TM fields of the source (solid black), electric field of the 
TE image (dashed red) and magnetic field of the TM image (dotted blue). 
The coordinate is normalized to the free-space wavelength.
for the case of Pendry’s lens, which is similar for both isotropic and birefringent 
left-handed media. Figures 5.4(a,b) show schematically the ray diagram in two 
special cases, when a single source generates both TE and TM polarized waves [see 
Fig. 5.4(a)] creating two separate images, and when the TE and TM sources are 
separated and they create a combined image [see Fig. 5.4(b)].
A possibility of the sub-wavelength resolution of a pair of subwavelength sources 
by using the birefringent left-handed lens has also been verified numerically, and 
some examples are presented in Fig. 5.5 for the case of a lossy medium when 
6/ — c — iSik x 10~8 and fa = £i — iöik x 10~8, where 5^ =  1 for i = k and it 
is 0 otherwise. The mixed-polarized source consists of two beams of the width 
A/5, separated by the distance 2A/5, where A is the free-space wavelength, meta-
material parameters are A = —2.5 and B = —1.5, and the slab thickness is A/2. 
A difference in the resolution for the TE and TM polarized waves for A ^  B  is 
explained by different effective optical thickness of the slab for two polarizations. 
An increase of the losses decreases the resolution abilities of the lens dramatically. 
Figures 5.6(a,b) show the spatial distribution of the magnetic field, Tie (Hy(x,z)),  
for the TM polarization, and spatial distribution of electric field 7l e  (Ey(x, z)), for 
the TE polarization, respectively.
Different examples presented above clearly demonstrate that the birefringent 
left-handed metamaterials and birefringent perfect lenses are novel objects with 
many unusual properties and, more importantly, they may demonstrate much 
broader spectrum of potential applications, in comparison with the isotropic meta-
materials and perfect lenses [2, 26]. Although the birefringent perfect lenses are 
not yet realized in experiment, we believe that the ideas and results presented here 
are quite realistic and will initiate strong efforts in creating the composite meta-
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Figure 5.6: Spatial distribution of the absolute values of (a) magnetic and (b) 
electric fields (logarithmic scale) generated by the two subwavelength sources 
of the width A/5 separated by 2A/5. Parameters are A = —2.5 and B — —1.5, 
and the slab thickness is A/2. Solid lines mark the metamaterial slab, dashed 
lines show the image planes. Coordinates are normalized to the free-space 
wavelength.
materials with substantially birefringent properties, including those that satisfy the 
specific conditions for the tensor components of Eq. (5.3). This would require a 
new thinking in applying the traditional approaches [10, 64] where the fabrication 
of isotropic metamaterials was made the main target. Such an anisotropy can be 
achieved by using more complicated elementary cells made of wires and split-ring 
resonators, instead of the traditional symmetric cubic lattice [64], in order to engi-
neer both the electric and magnetic response in three different directions. We also 
note that in order to realize a birefringent lens, which is able to create an image of a 
three-dimensional source (compared to the two-dimensional case considered above), 
one should take the metamaterial with A = B, and it can simplify the design of 
the composite. Such lens creates the image of both wave polarizations in the same 
plane.
5.3 Nonlinear left-handed lens
In this section, we make a further step forward into the study the nonlinear effects 
in left-handed metamaterials. In particular, we analyze the imaging properties of 
a slab of metamaterial with quadratic nonlinear response and demonstrate, both 
analytically and numerically, that such a flat lens can form an image of the source 
via second harmonic generation and focusing, being opaque at the fundamental 
frequency. We determine the condition for this effect to happen, these conditions
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Figure 5.7: Schematic of the problem. Electromagnetic waves emitted by 
a source at z = —zs are reflected from an opaque left-handed slab of the 
thickness D. Inside the slab, the exponentially decaying field at the frequency 
u> generates the second-harmonic field at 2a;, which penetrates through the 
slab creating an image of the second-harmonic field.
include Pendry’s conditions of a perfect lens for the second-harmonic field, e(2cu) = 
/i(2cj) =  —1, and they determine the conditions for e(cj) and being of the 
opposite signs at the fundamental frequency u. More importantly, for the case of 
two sources we show that the resolution of such a nonlinear left-handed flat lens can 
be made indeed better than the wavelength of the incoming radiation.
We consider a slab of a left-handed metamaterial with the thickness D (see 
Fig. 5.7), and assume that this slab is a three-dimensional composite structure 
made of wires and split-ring resonators (SRRs) in the form of a cubic lattice. When 
the lattice period d is much smaller than the radiation wavelength A (d <C A), this 
composite structure can be described in the framework of the effective-medium ap-
proximation, and it can be characterized by effective values of dielectric permittivity 
and magnetic permeability, which were discussed in Chapter 2:
«(<*0 =  1 - Lü{iü ~  Z7e)
(5.13)
, , , F l o
f l { u )  = 1 + 2  2 . •
o J q -  a +  + Z7m u;
(5.14)
where l ov  is the effective plasma frequency, u;0 is the SRR eigenfrequency, F  is the 
filling fraction of SRRs, qe and 7m are the corresponding damping coefficients, co is 
the frequency of the external electromagnetic field. In the frequency range where 
the real parts of e and ^  are both negative and for 7e,7m <C cu, such a composite 
structure demonstrates left-handed-medium transmission, whereas for u  < cj0, the 
slab is opaque because the signs of e and \i are opposite.
In order to introduce quadratic nonlinearity into this structure, we assume that 
each SRR includes a nonlinear element, e.g. a diode inserted into the SRR [145]. 
Each diode has an asymmetric current-voltage characteristics, so that the unit cell
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does not possess a center of symmetry with respect to the magnetic field direction. 
The resulting response of such an effective quadratic nonlinear medium should in-
clude the second-harmonic field.
Our idea is to satisfy the well-known conditions of Pendry’s perfect lens at the 
frequency 2a/, i.e., //(2a;) =  e(2a/) =  —1. From Eqs. (5.13), (5.14) we obtain the 
parameters for the fundamental field in the low loss limit
e{u) «  -7 , //(a/) «  • (5-15)
For this choice of the material parameters, a metamaterial is opaque at the funda-
mental frequency a;, and the waves cannot penetrate through the slab. However, 
an effective nonlinear quadratic response of the metamaterial allows the process of 
the second-harmonic generation. For the conditions (5.15) the metamaterial with 
the dispersion (5.13), (5.14) is transparent at the frequency 2a/, and we expect that 
the second-harmonic field can propagate through the slab creating an image of the 
source behind the slab.
5.3.1 Analytical approach: undepleted pump approximation
Using the so-called undepleted pump approximation, we can obtain the equation 
for the TM-polarized second-harmonic field Hy2uy\ x , z ) inside the slab, which has 
the form well-known in the theory of the second-harmonic generation (see, e.g., 
Ref. [146])
A F f )  4- K 2{ 2u ) H ^  =  -l6-Kk2e(2uj)M{2“\  (5.16)
where A is the Laplacian acting in the space (x:z), K 2(2uj) = 4/coe(2a/)/i(2a/), 
ko = a//c is the free-space wavenumber, and is the nonlinear magnetization
of the unit volume of the metamaterial at the frequency 2a/, which appears due to 
the nonlinear magnetic momentum of SRR,
[#<“>(*, , (5.17)
where
x(<*0 (Tra2)3̂  ( . _ < &c3d3UcR du 2 V co2 a/
Here H y ( x , z) is the spatial distribution of the magnetic field at the frequency a; 
in the slab, a is the radius of the resonator rings, Rd is the differential resistance of 
the diode at zero voltage, and Uc is the diode parameter defined from the current- 
voltage characteristics of the diode taken in the form /  =  Io[exp(U/Uc) — 1]. The 
right-hand side of Eq. (5.16) vanishes outside the metamaterial slab.
Applying the Fourier transform along the x  direction, we obtain the equation for 
the function Hy2uJ\ k xl z) in terms of HyU\ k x, z) and G(kx , z) which are the Fourier 
transforms of H ^ \ x , z ) ,  H^2uJ\ x , z )  and [ H ^ ( x ,  z)]2, respectively:
d2H ^  
dz2
+  [K2(2u )-  4 kl= (5.18)
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where 77 =  127r/coe(2(x;)x(^)- Using the convolution theorem, we express the function 
G through the spectrum of the magnetic field at the fundamental frequency,
roo
G =  /  H ^ \ k ’x, z ) H ^ \ k x -k(5.19)
In the undepleted pump approximation, the function H^u\ k x,z)  can be found as 
a solution of the linear problem for the electromagnetic field at the fundamental 
frequency transmitted into the left-handed slab,
0 Kl  p - i k o ^ i z s
=  _ J _ -----  \ z ,ew  -  Z 2ekô 2D- z)] S h ) ,  (5.20)X>(u,7) L
where 5(q) is the spectral function of the source at the fundamental frequency 
located at the distance from the left-handed slab, = \J  1 — 72, /t2 =  
\ J l 2 -  e(cj)/i(cj), 7 =  kx/k 0, ^ i j2 =  «1 ±  z«2/e(u;), and V ( u , i )  = Z \  -  
Z \  exp (2/co^2U)), 7 =  kx/ko. The spectral function S(7 ) includes both fast prop-
agating (7 < 1) and slow evanescent (7 > 1) spatial harmonics. Possible distor-
tions of the second-harmonic image can be caused by the pre-exponential factor in 
Eq. (5.20), and the main effect is due to the pole singularity defined by the equation
X>(o7,7 ) =  0, (5.21)
that characterizes the resonant excitation of surface polaritons. In the case of a thick 
slab, i.e. when k o ^ D  1, the corresponding resonant wavenumber of surface waves 
can be found in the form
7sP
- mM ]
e2 (cxj) — 1
(5.22)
Substituting the explicit expressions for e(cj) and /a(cu) from Eq. (5.15) into 
Eq. (5.22), we obtain a simple estimate for a possible resolution limit of the nonlinear 
left-handed lens in terms of the critical (limiting) wavenumber,
7um ~  1 + 7(3 _  2 '
However, the existence of this critical wavenumber does not necessarily limits the 
lens resolution and, in reality, the effect produced by surface waves on the imaging 
characteristics of the nonlinear lens depends on the efficiency of the mode excitation 
by each particular source.
Analytical solution of the problem for the spatial spectrum of the second- 
harmonic field transmitted through the left-handed slab can easily be obtained for 
a narrow spectrum of the source, i.e., when the width of the source spectrum at the 
fundamental frequency does not exceed the value 7C, where
7c2 »  |e(W)M(W)|. (5.24)
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Then, we can use the impedance boundary conditions for the fundamental field at 
the interface between vacuum and the metamaterial slab at z = 0. Subsequently 
employed numerical simulations suggest that this approximation remains valid pro-
vided 7C >  7iim.
To solve the problem analytically, we assume that the wave at the fundamental 
frequency uo penetrates inside the slab on a distance (the skin layer) much smaller 
than the slab thickness D , i.e. Dö 1, where 5 = k^yj—e(u)fi(uj). Taking into 
account the expressions for e(u) and //(u;) from Eq. (5.15), we note that the pen-
etration depth for the fundamental frequency, ~  (27r<5)—1, does not exceed A/17. 
Then, Eq. (5.18) can be re-written in the form
fr(2w)
~ r -  +  [K\2w) - 4A)0V] 5 7 ) = (7),
where ^ 0(7) — 7r)£(7 — ■> and £(7 ) — z) does not depend on
z. As a result, the general solution for the second harmonic inside the slab can be 
presented in the form
H ^ \ 7 , z) = Cie2 tW  + C2e- 2i W  + c 3e~2Sz, (5.25)
where C\^ are two constants which are determined from the boundary conditions, 
and
C j = ^ 2^ 0(7). (5.26)
We should satisfy the continuity of the tangential components of the magnetic 
Hy2̂  and electric fields at the interfaces between air and the metamaterial
slab, i.e. at 2: = 0 and z = D. As a result, we obtain the second harmonic of the 
magnetic field behind the slab (for z > D) where the image is expected to form,
fi'7>(7,2) = - 1 { 1 -  i / / / /  I  C3e2ik̂  (2D~g). (5.27)
For wide beams with narrow spectra, Eq. (5.27) can be rewritten in the form
A /q  rv
y/-e(u)n{u) . y/-e{u)ß{u)
e(2cu) e(uj)
- 1
roo
ip{2ik0Ki(2D -  z -  zs)} / 5 (7;)5(7 -  7') dr/.
J — 0 0
(5.28)
Thus, the squared field at the fundamental frequency acts as an effective source 
for generating the second harmonic and, as a result, the image of the squared field 
is reproduced by the nonlinear left-handed lens. This image appears at the point 
îm = D — zs, this result coincides with the corresponding result for the linear 
lens [26].
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Figure 5.8: Numerical results for imaging by a nonlinear left-handed lens. 
Shown are the intensities of the fundamental field at the source location (solid) 
and the second-harmonic field at the image plane for different cases (stars, 
dashed and dotted lines), (a) Wide beam (the width is A) generated by 
a single source, D = \ ,  zs = A/2, (b) Narrow beam (the width is A/10) 
generated by a single source; dashed-the image for D = A/10, = A/20;
dotted -  the image for D = 0.3 A, zs = 0.15 A. (c) Imaging by two sources 
separated by the distance A/5; dashed -  the image for D = A/10 and = 
0.03 A; dotted -  the image for D — 0.3 A and zs = A/5.
5.3.2 Numerical simulations
For the case when the size of the source is comparable or less than the wavelength 
A of the fundamental-frequency wave, Eq. (5.16) is solved numerically using the 
Green’s function method. In Figs. 5.8(a-c), we present our numerical results for 
the intensity distribution of the incident beam at the source point and the field 
distribution of the second-harmonic beam at the image location, normalized to 
the field maxima. The actual amplitude of the electromagnetic field at the image 
location is lower than the amplitude of the source because of a finite efficiency of 
the process of the second-harmonic generation. For the objects with the spatial
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Wide beam
Figure 5.9: Intensity of the fundamental [(a,c)] and second-harmonic [(b,d)] 
beams (in units of the wavelength) for the problem of the second-harmonic 
generation and imaging by a nonlinear left-handed lens. (a,b) Wide beam 
(D =  5A, zs = 2.5A, and ao = A) and (c,d) narrow beam (D — A/5, zs — A/10, 
and do =  A/4). Solid lines mark the flat surfaces of the nonlinear left-handed 
lens. Dashed lines show the predicted locations of the second-harmonic image.
scale larger or equal to the radiation wavelength, the second-harmonic field profile 
coincides with the intensity of the fundamental field generated by the source, as 
shown in Fig. 5.8(a).
However, when the source contains the spatial scales smaller than the wave-
length, the imaging properties of the nonlinear lens depend strongly on the slab 
thickness D. As an example, in Fig. 5.8(b) we show the results for the transmission 
of an incident Gaussian beam of the width A/10 which reproduces almost exactly 
the source profile at the image plane in the case of a thin lens (dashed line) but 
generates a strongly distorted image when the slab thickness becomes larger than 
a half of the wavelength A. Distortions appear as periodic variation of the second- 
harmonic field being caused by excitation of surface waves. Intensity distribution 
of the magnetic field in the fundamental and second-harmonic fields are shown in 
Figs. 5.9(a-d) for (a,b) large and (c,d) small (compared to the radiation wavelength) 
size of the source, respectively.
Figure 5.8(c) shows the numerical results for imaging of two sources that generate 
the Gaussian beams with the maxima separated in the transverse direction by A/5. 
Again, the image reproduces very well the source for a thinner lens, and therefore a 
thin nonlinear lens does provide a subwavelength resolution of the second-harmonic 
field. In contrast to the linear flat lens, the resolution of the nonlinear lens depends 
on the distance zs between the source and the lens, and the optimal distance can
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be determined separately for each particular case.
5.4 Conclusions
In conclusion, we have introduced a novel type of birefringent left-handed media, 
which possess a number of unique properties, including reflectionless scattering. 
This scattering is independent of the type of incoming monochromatic wave. We 
have shown focusing and negative refraction tha t occur under different conditions 
for the TE and TM polarized waves or simultaneously with two spatially separated 
TE and TM images. We believe our results suggest new directions in the study of 
the intriguing properties of metamaterials and their fabrication.
We have also studied second-harmonic generation in a slab of left-handed meta-
material with a quadratic nonlinear response. We have demonstrated that such 
a slab can form an image of the second-harmonic field of the source, while being 
opaque at the fundamental frequency, with a higher resolution than the radiation 
wavelength.
The “perfect lens” will never be truly ideal, but we expect it to provide, at least, 
an improvement in resolution over conventional lenses. In addition, we believe the 
perfect lens has strong potential for future applications.
CHAPTER 6
Band-gap structures with left-handed 
material
In this chapter, we discuss the transmission properties of one-dimensional peri-
odic structures composed of left-handed and right-handed materials. In Sec. 6.1 we 
briefly present the transfer matrix formalism, on which we base our analysis of ef-
fects in band-gap structures. We show the unusual angular transmission properties 
of periodic structures with LHM and their possible applications for beam shaping in 
Sec. 6.2. We analyze the defect modes in periodic structures with structural defects 
in Sec. 6.3.
6.1 Introduction
Multilayered structures containing LH materials can be considered as a sequence 
of the perfect lenses and, therefore, they are expected to possess novel and unique 
transmission properties. Such multilayered structures have been investigated theo-
retically with respect to transmittance or reflectance in the Bragg regime [147, 148]. 
More recently, it was shown that a one-dimensional stack of layered alternating 
right- and left-handed materials with zero average refractive index displays a nar-
row spectral gap in the transmission [149, 150], which is quite different from a Bragg 
reflection gap.
6.1.1 Bloch waves in one-dimensional band-gap structure
We consider a one-dimensional photonic crystal formed by alternating slabs, as 
shown schematically in Fig. 6.1. We assume that the periodic structure is made from 
the materials of two types: the slabs of the width b are made of a LH material, and 
they are separated by the right-handed (RH) layers of width a. Such a structure can 
be treated as an array of Pendry’s perfect lenses with the variation of the refractive 
index in one structural period,
f  nr = yjerHr, 0 < 2: < a;
\  ni = -yfeffTu a < z < a  + b = A,n(z) = (6.1)
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Figure 6.1: Schematic of a multilayered structure consisting of slabs with 
alternating right- and left-handed materials.
where nr and ni are the positive and negative indices of refraction of the RH and 
LH materials, respectively. First, we consider waves propagating in the (x, z) plane 
with the wave vectors k =  (A:x, 0, kz), which are TE-polarized, i.e. they have the 
only component E = E y described by the Helmholtz-type equation,
A E + - n 2( z ) E -  
&
1 dp dE  
g(x) dx dx =  0 ,
(6 .2)
where A is the two-dimensional Laplacian. In an infinite periodic structure the 
propagating waves have the form of Bloch modes, which electric field envelopes sat-
isfy the periodicity property, E(z  +  A) =  E(z)  exp(zFp,). Here Kb is the normalized 
Bloch wave number, and it can be found as a solution of the standard equation for 
two-layered periodic structures (see, e.g., Ref. [150]),
2 cos (Kb) = Tr(M ) = 2 cos (krza +  kizb) —
— (  — +  — — 2 ]• sin (krza) • sin (,kizb). (6.3)
\Pl Pr )
Here Tr(M)  stands for the trace of the transfer matrix, krz and kiz are the z- 
components of the wavevector in the RH and LH media, respectively, and prj = 
y/er,i/gr,i, cosißrj), where 6rj = tan-1 (fc(r,i)x/fc(r,o*) are propagation angles in 
the corresponding media. For real Kb the Bloch waves are propagating; complex 
Kb indicate the presence of band gaps, where the wave propagation is inhibited.
6.2 Beam shaping
In this section, we study the properties of layered photonic structures consisting 
of alternating slabs of positive and negative refractive index materials (see Fig. 6.1), 
and demonstrate unusual angular dependencies for the transmission of such slabs 
when the averaged refractive index is close to zero. We demonstrate how these 
properties can be employed for strong beam reshaping.
In comparison with the conventional case of the periodic structure made of two 
different RH materials, the structure with LH layers shown in Fig. 6.1 possesses
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Figure 6.2: Band-gap structure on the parameter plane (u, kx) with gaps 
shaded, (a) Transmission band corresponds to a normal incidence; (b) Trans-
mission band corresponds to an oblique incidence. A dotted line is the fre-
quency u q . Insets show the beam transmission coefficients at the frequencies 
marked by dashed lines.
a distinctive bandgap of a new type when \krza\ =  \kizb\, the property recently 
revealed in Refs. [147, 150]. The inherent feature of the LH materials is their 
frequency dispersion, so that in most of the cases we can find the characteristic 
frequency l jq such that nr = \ni\. Then, a periodic structure consisting of the 
alternating LH and RH slabs of the same thickness (a = b) will formally possess a 
bandgap for all angles of incidence, with the only exception of the 100% transmission 
resonances, which appear when the arguments of the sinus functions in Eq. (6.3) 
are equal to the whole multiple of n. Such highly unusual transmission can happen 
because the “zero-index” bandgap does not depend on the optical period of the 
structure, whereas usual Bragg-reflection and transmission resonances are highly 
sensitive to variations of the period and the incident angle.
It is important to study the transmission properties of a realistic system when 
the resonant conditions may not be exactly satisfied. To be specific, let us con-
sider a periodic structure consisting of the layers of LH metamaterial separated by 
air. We assume that the composite material possesses the negative refractive in-
dex in the microwave region with the effective dielectric permittivity and magnetic
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Incident Reflected Transm itted
Figure 6.3: Cross-section intensity profiles of the incident (left), reflected 
(middle), and transmitted (right) beams of various shapes: (a) Gaussian, (b- 
c) Gaussian with the vortex (topological) charge four at (b) the normal and 
(c) oblique incident angles.
permeability discussed in the Chapter 2,
e(w) = 1 - /* M  =  1 -
Fui2 (6.4)
where we take ujp/2 t: = 10 GHz, u r/27T = 4 GHz, and F = 0.56. The frequency 
range, where both e and p are negative is (4 - 6) GHz. We plot the corresponding 
band-gap on the plane (cj, kx) [see Fig. 6.2]. We reveal that for a fixed incident an-
gle (kx) there appears a single frequency gap inside the transmission region. Quite 
a different situation occurs for the angular dependence of the transmission coeffi-
cient at a given frequency, when there exists a narrow transmission band inside the 
bandgap.
In Fig. 6.2(a), the period is chosen to satisfy the condition kra0 = 7r (in our case, 
a0 = b0 ~  2.88 cm), and the resonant transmission of electromagnetic waves of the 
frequency cjo occurs at the normal incidence. In contrast, Fig. 6.2(b) corresponds 
to the case a — b = a0 + 0.03 cm when the transmission resonance occurs for 
the waves at the incidence angle 9: krcos6a = 7r. When the period is further 
increased, multiple transmission bands are observed. The width of the transmission 
band in the k-space can be controlled by tuning the frequency in the vicinity of
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Figure 6.4: The Goos-Hänchen shift A of the reflected beam vs kx. Solid 
curves 1,2,3 — numerically calculated shifts for the incident Gaussian beams 
20, 60, and 100 cm wide, respectively. Dashed curve — the asymptotic result 
for wide beams. Shaded area corresponds to the transmission band of the 
infinite periodic structure.
ĉ o- The insets in Fig. 6.2 show the cross-sections of the transmission coefficients for 
the frequencies marked by dashed lines. Thus, one can make a periodic structure 
with the transmission band at the desired angle of incidence by a proper choice of 
the system period, while the width of the transmission band can be adjusted by 
tuning the frequency. Similarly, the structures with more complicated transmission 
properties which include multiple rings in the transmission coefficient vs wavevector 
can be obtained. Most importantly, we find tha t such narrow-band angular filters 
can have almost 100% transparency in the transmission region.
We now use the standard transfer matrix method to analyze beam shaping by a 
finite composite structure consisting of 100 layers with the parameters corresponding 
to the angular transmission coefficient shown in the inset of Fig. 6.2(b). We con-
sider the transmission of (2+ l)-dimensional beams in the paraxial approximation 
when the angles of incidence are small and polarization effects are negligible. For 
a Gaussian beam incident at a normal angle, we observe almost complete reflection 
if the the angular spectrum width is comparable to the width of the transmission 
band. Transmission is only possible at the incident angles when the spectra over-
lap, and under such conditions the reflected beam has a two-humped shape, see 
Fig. 6.3(a). On the other hand, vortex beams have a ring structure of the angu-
lar spectrum and can therefore be very effectively transmitted even at the normal 
incidence [Fig. 6.3(b)]. Similar to the case of a Gaussian beam, we observe that 
the weak reflected beam has a two-hump vortex structure. Small variations of the 
angle of incidence from the normal destroy the structure of the reflected and trans-
mitted vortex beams and the results depend on the vortex topological charge [see 
Fig. 6.3(c)],
A beam reflected by an interface experiences a shift of its center relative to the 
center of the incident beam, and this classical effect is known as the Goos-Hänchen 
shift (see, e.g. Ref. [137, 150]). This effect was already discussed in Chapter 4 for a 
number of structures containing left-handed materials. Reflection from a single LH
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Figure 6.5: Schematic picture of a multilayered structure consisting of al-
ternating metamaterial slabs and air. The inset shows the unit cell of the 
metallic SRR-wire metamaterial.
slab results in a negative Goos-Hänchen shift [151], and it is interesting to calculate 
the beam shift for the multi-layer structure.
The centers of the incident and reflected beams are found using Eq. (4.3)
where r_L is the transverse coordinate in the plane (x,y).  For wide beams (i.e. 
the beams with a narrow spectrum), the shift A  =  X r — X* is determined by the 
gradient of the phase 0 of the reflection coefficient (see Eq. (4.1)), A  =  Vk 0. We 
calculate the Goos-Hänchen shift for the beam reflected by the periodic RH/LH 
structure described above, using the parameters corresponding to Fig. 6.2(b). With 
no loss of generality, we assume that the (a;, z) plane is the plane of incidence, and 
therefore the beam is only shifted along the x axis. We plot the shifts experienced 
by the Gaussian beam of various widths (see the curves 1-3 in Fig. 6.4). We see 
that the shift of wide beams indeed approaches the the asymptotic result shown 
with dashed line in Fig. 6.4. The shift can be either positive and negative, and 
the absolute value increases dramatically for the angles of incidence close to the 
transmission band.
6.3 Defect modes in one-dimensional periodic structure
In this section, we study transmission properties of a multi-layer periodic stack 
(also called one-dimensional photonic crystal or photonic bandgap structure) created 
by alternating slabs of two types of materials, with positive and negative refractive 
indices, with an embedded defect and take into account realistic parameters of the 
metamaterials such as dispersion and losses. In spite of the fact that our calculations 
are presented for the metamaterials with the left-handed properties in the microwave 
domain, many of our results are rather general and they can be also useful for other 
types metamaterials [152, 153], including not yet demonstrated materials operating 
at THz or even optical wavelengths.
(6.5)
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We consider a band-gap structure schematically shown in Fig. 6.5. We study the 
transmission of electromagnetic waves through the layered structure consisting of al-
ternating slabs of composite left-handed metamaterial using the calculated effective 
parameters (see Sec. 6.3.1). We assume that the structure includes a defect layer 
(see Fig. 6.5) that allows tunability of the wave transmission near the defect fre-
quency. Using the transfer-matrix method, we describe the defect-induced localized 
states in such a structure and reveal that the defect modes may appear in different 
parameter regions and for both <n> = 0 and Bragg scattering band gaps. Depend-
ing on the defect parameters, the maximum transmission can be observed in all or 
just some spectral band gaps of the structure. We demonstrate that the frequency 
of the defect mode is less sensitive to manufacturing disorder for the larger defect 
layer. Finally, in Sec. 6.3.2 we present the results of our two-dimensional FDTD 
numerical simulations based on the microscopic parameters of the left-handed ma-
terial and also study the spatiotemporal evolution of the transmitted and reflected 
fields.
We use the effective medium description introduced in the Chapter. 2 and take 
the parameters of a metallic SRR-wire composite as d = 1 cm, rw = 0.05 cm, 
Rr = 0.2 cm, r = 0.02 cm, d9 = 10-3 cm, and its conductivity as a = 2 • 1019 s-1. 
For these parameters the resonance frequency appears near 5.82 GHz, and the region 
of the simultaneously negative e and negative fi is located between the frequencies 
5.82 GHz and 5.96 GHz. The imaginary part of the magnetic permeability, which 
determines the effective losses in a left-handed material, is larger near the resonance.
6.3.1 Transmission and defect modes
Now we consider a periodic layered structure created by a system of seven left- 
handed dielectric slabs of the width a separated by air, as shown in Fig. 6.5. The 
number of slabs is chosen to keep losses in the structure at a reasonably low level, 
still having visible effects of periodicity. The middle layer of the left-handed material 
is assumed to have a different thickness, l — a (l +  A), becoming a structural defect.
To study the transmission characteristics of such a periodic layered structure, 
we consider the scattering of a normal-incidence plane wave. First, we study the 
corresponding infinite structure without defects and calculate its bandgap transmis-
sion spectrum. In an infinite periodic structure, propagating waves have the form 
of the Bloch modes, which were discussed in Sec. 6.1.1.
For the parameters of the left-handed composite media described above, the crit-
ical frequency l j*, at which the average refractive index of the structure vanishes, 
is found as oj* «  2n • 5.8636 x 109 s_1. Importantly, the transmission coefficient 
calculated at the frequency uj =  u* for the seven-layer structure shows a character-
istic resonant dependence as a function of the normalized slab thickness a /A, where 
A =  27t c / c j*, as shown in Fig. 6.6. The transmission maxima appear in the gap 
<n> = 0, when the slab thickness a coincides with a whole multiple of a half of the 
wavelength. The width of the transmission peaks decreases with the number of left- 
handed layers in the structure. The transmission maxima decrease with increasing 
thickness of the structure due to losses in the left-handed material which become
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Figure 6.6: Transmission coefficient of a finite periodic structure created by 
seven layers of the left-handed metamaterial vs. the normalized thickness of 
the slab, a /A, where A = and the frequency co =  co* corresponds to
the condition <n> = 0.
<n> = 0
Frequency(GHz)
<n>=0
Frequency (GHz)
Figure 6.7: Transmission coefficient of a finite periodic structure created by 
seven layers of the left-handed metamaterial vs. the incident wave frequency, 
(a) The structure with the period a — 0.25A, without (solid black) and with 
(dashed red) defect layer (A = —0.8). (b) The structure with the period a = 
1.25A without (solid black) and with (dashed red) defect layer (A = —0.6).
larger for thicker slabs. One of the interesting features of the novel gap defined 
by the condition <n> = 0 is that the transmission coefficient can vanish even for
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Figure 6.8: Spectrum of the defect-mode frequencies vs. the normalized size of 
the defect A in the left-handed bandgap structure with the period a = 1.25A.
very small values of the slab thickness. This property can be employed to create 
effective mirrors in the microwave frequency range operating in this novel <n> — 0 
gap which can be effectively thinner than the wavelength of electromagnetic waves.
The transmission coefficient of a finite periodic structure formed by seven layers 
of the left-handed metamaterial is shown in Figs. 6.7(a,b) as a function of the fre-
quency, for two structures that differ by the period a. For the quarter-wavelength 
slabs [see Fig. 6.7(a)], the only visible band gap is the new gap <n> = 0 centered 
near the frequency ou*. When this periodic structure includes a defect, the trans-
mission peak associated with the excitation of the defect mode is observed inside 
the <n> = 0 gap, as shown by a dashed curve. For the structure with thicker slabs, 
e.g. for the structure with the period a = 1.25A [see Fig. 6.7(b)], the < n>  =  0 gap 
becomes narrower but it remains centered near the frequency cj *. The transmission 
coefficient of this latter bandgap structure shows, in addition to the <n> = 0 gap, 
two Bragg scattering gaps. Due to the increased losses in this second type of the 
bandgap structure where the slabs are thicker than those in the structure corre-
sponding to Fig. 6.7(a), the effects of the resonant transmission at the defect mode 
become less visible. Moreover, for the parameters considered here the defect mode 
appears only in the <n> = 0 gap, whereas it does not appear in the Bragg gaps. For 
larger thickness of the slabs, higher-order Bragg gaps may appear in the frequency 
range where the composite material possesses left-handed properties.
In Fig. 6.8, we show the spectrum of the defect-mode frequencies for the layered 
structure with the period a =  1.25A as a function of the normalized size of the 
defect A. We notice a number of important features, which can also be found for 
other types of such left-handed structures. First of all, the defect modes do not 
always appear simultaneously in all gaps of the spectrum and, therefore, they can 
be placed selectively either in the Bragg gaps or the zero-index gap. Second, the 
slope of the curves in Fig. 6.8 decreases with the thickness of the defect layer. As 
a result, the eigenfrequencies of the modes supported by a thicker defect layer can 
be more tolerant to disorder introduced by manufacture. These novel features of
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Figure 6.9: Numerical FDTD simulation results showing relaxation processes 
in a band-gap structure with a defect. Solid -  incident energy flow, dashed 
-  transmitted energy flow, dotted -  reflected energy flow. Parameters are: 
a = 0.25A, A = —0.8. (a) Defect mode is not excited, u = 2n x 5.86 x 109 
s-1; (b) Defect mode is excited, u = 2tc x  5.878 x 109 s-1.
the defect modes excited in the zero-index gap may be important for engineering 
tunable properties of the layered structures with negative refraction. In particular, 
the existence of different types of the defect modes allow to access different types 
of band gaps independently.
6.3.2 Numerical simulations
In order to analyze the spatiotemporal evolution of the transmitted fields and 
the beam scattering under realistic conditions, we perform two-dimensional finite- 
difference-time-domain (FDTD) numerical simulations of the beam propagation 
through the left-handed periodic structure of seven layers with a defect. We would 
like to point out that the time-resolved numerical simulations are performed in or-
der to estimate the characteristic time of the defect mode excitation, which can 
determine the operation time of such a multi-layer structure. This issue seems to 
be important because the novel type of the band gap discussed in this section is 
based on a different physical mechanism of the transmission cancellation, and it 
requires the vanishing averaged refractive index.
In the FDTD simulations, we consider the TM-polarized Gaussian beam of the 
width 20A propagating normal to the layered structure with the period a = 0.25A; 
the considered periodic structure corresponds to the transmission coefficient shown 
in Fig. 6.7(a) by a dashed line. The boundaries of the simulation area are per-
fectly matched layers (PMLs), so that no reflection from the boundaries takes place. 
The slabs of the left-handed material do not extend to the PML boundaries, since 
the layer is perfectly matched to the air space only. The mesh of the numerical 
simulation area is 100 x 800 points in the transverse and propagation directions, 
respectively.
First, we choose the carrier frequency of the incident field in the <n> = 0 gap. 
The temporal evolution of the energy flows (Poynting vector integrated over the 
transverse dimension) for the incident, transmitted, and reflected waves is shown
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Figure 6.10: Results of the numerical FDTD simulations for the amplitude of 
the magnetic field in a two-dimensional structure (natural logarithm scale). 
Boxes show positions of the left-handed slabs, a = 0.25A, A =  —0.8. (a) 
Defect mode is not excited, u  — 2n x 5.86 x 109 s -1 ; (b) Defect mode is 
excited, u  — 27r x  5.878 x 109 s -1 .
in Fig. 6.9(a), clearly indicating that the transmission through such a structure is 
negligible, despite the fact that in contrast to the analytical predictions made for the 
continuous waves by the transfer-matrix approach, the beam has a finite frequency 
spectrum width. These results confirm that the zero-index gap is realistic, and 
it allows to suppress the transmission even for a finite layered structures and for 
realistic parameters.
When the carrier frequency of the incident field is selected close to the resonant 
frequency of the defect mode, a significant amount of the energy is transmitted 
through the structure [see Fig. 6.9(b)]. Although the steady state of the transmission 
is not reached in the simulations and oscillations of the fields around the steady 
state continue at larger time scales, one can estimate the relaxation time of the
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Figure 6.11: Numerical FDTD simulation results for the pulse scattering 
by a periodic structure with defect. Solid -  incident energy flow, dashed 
-  transmitted energy flow, dotted -  reflected energy flow. Parameters are: 
a = 0.25A, A =  —0.8. (a) Defect mode is not excited, u = 2tt x  5.86 x 109 
s-1; (b) Defect mode is excited, u = 2tt x 5.878 x 109 s-1.
resonance-induced transmission corresponding to the defect mode excitation time, 
which is found to be of the order of 103 periods (approximately 170 ns).
In Figs. 6.10(a,b) we show the examples of the field intensity distribution in 
the layered structure with the slab size a = 0.25A for two distinct regimes of the 
beam transmission. In Fig. 6.10(a), the frequency corresponds to low transmission 
in Fig. 6.7(a), when no defect mode is excited. Figure 6.10(b) demonstrates the field 
distribution in the structure with an excited defect mode and enhanced transmission.
Based on the characteristic times of the relaxation processes in the beam trans-
mission simulations, we can estimate the optimized time for the pulse propagation 
through the structure. Indeed, if the temporal pulse width is smaller than the relax-
ation time then the transmission should be low. Thus, in the pulse simulations, we 
consider the most crucial case when the pulse width is of the order of the relaxation 
time of the structure. Results of FDTD simulations for the pulse scattering from the 
multi-layered structure with the period a = 0.25A are presented in Figs. 6.11(a,b) 
as the temporal dependence of the incident, reflected and transm itted energy flows. 
One can still clearly see, in spite of a relatively large relaxation time in the zero-index 
gap, a significant amount of the transmitted power, when the carrier frequency of 
the pulse coincides with the frequency of the defect mode.
6.4 Conclusions
In conclusion, we have analyzed the transmission properties of a one-dimensional 
photonic crystal composed of two materials with positive and negative refractive 
indices. We have demonstrated unusual angular dependencies of the beam trans-
mission through such composite structures which can be used for efficient beam 
reshaping. We have calculated the Goos-Hänchen shift of the reflected beam which 
is shown to increase dramatically for the angles of incidence close to the transmission 
band.
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We have studied the defect modes and transmission properties of periodic layered 
structures made of slabs of a left-handed metamaterial and air. Using realistic 
parameters of the metamaterial derived from the microscopic approach, we have 
calculated the band-gap spectrum of an infinite one-dimensional structure with 
and without structural defects, and demonstrated the existence of forbidden gaps 
of two different types, the conventional Bragg scattering gaps and a novel gap 
corresponding to the zero averaged refractive index, <n> = 0.
We have analyzed the properties of the defect modes in a finite number of layers 
with a structural defect and demonstrated that, depending on the defect size, the 
defect modes appear in all or just some of the band gaps allowing to access different 
bandgaps selectively. In addition, we have performed two-dimensional numerical 
FDTD simulations of the propagation of electromagnetic waves in such structures 
and have studied the spatiotemporal dynamics of the beam transmission and re-
flection. We have demonstrated that the excitation of defect modes can enhance 
substantially the wave transmission through the structure, however the excitation of 
the defect modes in the novel bandgap is characterized by relatively large relaxation 
time.
CHAPTER 7
Outlook and further prospectives
The study of left-handed materials and their properties is a relatively new area of 
research, and, possibly, just a small tip of a weirdly shaped iceberg of novel physics 
revealed so far. It is hard to foresee all novel ideas and useful applications that this 
field may bring in the future. However, based on some of the results presented in 
this thesis and related publications, it is possible to mention just a few interesting 
research directions which could be developed in the near future.
First of all, a real challenge for the experimentalists is to design left-handed 
materials with low losses and those operating in different frequency ranges. The 
first metamaterials designed operating in the microwave range represent not only a 
testing ground for the concept but, on the other hand, they might find applications 
in microwave antennas. The microstructured design based on the lattices of the 
split-ring resonators and wires has already been demonstrated to give magnetism in 
the THz region of the spectrum. It is believed that this concept can be extended into 
the infrared, bringing us close to the realization of magnetism at optical frequencies. 
Indeed, there has already been speculation that silver nanowires could be used 
to produce magnetic effects in the visible region, but metamaterials for optical 
frequencies have yet to be demonstrated.
The idea of using active elements in the composite structures exhibiting left- 
handed properties may result in novel physics and unexpected findings. So far, the 
predictions such as compensation of losses and an extension of the frequency range 
for microwaves is still to be realized. One can also think about the possibilities for 
novel sources of electromagnetic radiation. Many sources of microwave radiation 
are based on vacuum electronic devices. We recall the principle of the operation 
of the backward-wave tube, where the electrons are slowed by the backward wave, 
and they transfer their energy to the wave. The amazing thing about left-handed 
materials is that the propagating waves there are backward. Thus, by including 
active elements, one would probably be able to obtain a new source of microwave 
radiation, a solid-state analogue of the backward-wave lamp.
The concept of a perfect lens attracts constantly increasing attention due to the 
possibility of near-field imaging. Amplification and restoration of the evanescent 
fields is a dream of those involved in nanolithography, and we believe that the 
interest in this direction will grow steadily in the near future. One of the ideas to 
extend the applicability limits of the perfect lenses is mentioned in the thesis and it
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is based on the specific features of the vectorial fields. We believe that more efforts 
in this directions may bring the concepts that can be further realized in the physics 
of photonic crystals.
Nonlinear effects in left-handed composites would allow the creation of tunable 
structures, and they seem to be extremely promising due to the existence of en-
hanced electric fields in the metallic composites. The array of nonlinear interacting 
resonators can produce quite useful effects. Illumination of this structure with a ho-
mogeneous electromagnetic field can magnetize rows of resonators differently, due 
to the possible modulational instability of the array of interacting nonlinear res-
onators. Such an array would represent a type of dynamically tunable nonlinear 
photonic crystal, not yet realized with other designs.
Most interestingly, the macroscopic effects discussed in this thesis appear in the 
structures containing both left-handed materials and conventional dielectrics. Thus, 
the further study of periodic dielectric structures containing some inclusions of a 
left-handed material (e.g. periodic) could reveal a number of unusual phenomena. 
Band-gap structures, which are the basis for all-optical signal processing, can be 
dramatically modified and their properties enhanced once the left-handed materials 
with reasonable properties are available.
Many of the unique properties of left-handed materials are due to the fact that 
electromagnetic waves in these materials are backward. Due to the general nature 
of wave phenomena it is expected that media with similar properties with respect 
to, e.g., acoustic waves, can exhibit some unusual and useful properties. Thus, it 
could be beneficial to look for new effects in the backward-wave media for waves 
other than electromagnetic.
I do believe that there exist many more exciting directions in the physics of 
left-handed materials yet to be realized and discovered, and it is clear that this field 
is one of the most interesting and exciting research topics in the modern physics.
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